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I. GENERAL CONSIDERATIONS

The proposed RF/MHD approach is based on an underlying low-frequency kinetic

equation, obtained after averaging over the high-frequency RF fields, of the form:
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with the Fokker-Plank collision operator:
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and the quasi-linear RF velocity-space diffusion operator:
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THE AVAILABLE STANDARD FORM OF THE QY OPERATOR IS DERIVED
FOR A HOMOGENEOUS BACKGROUND MAGNETIC FIELD AND VANISHING
BACKGROUND ELECTRIC FIELD.

IN ORDER TO IGNORE CORRECTIONS DUE TO THE MAGNETIC INHOMO-
GENEITY, CONSIDER ONLY ELECTRON-CYCLOTRON RF WAVES WHOSE IN-
TERACTION WITH THE PLASMA COULD BE TREATED IN A LOCAL APPROX-
IMATION.

FOR THE PROPAGATION OF THESE EC WAVES, RAY TRACING SHOULD BE
SUFFICIENT.

IT IS NOT CLEAR WHAT THE CONSEQUENCES OF IGNORING THE BACK-
GROUND ELECTRIC FIELD IN Q%" ARE.



II. ELECTRON FLUID EQUATIONS WITH RF SOURCE TERMS

Taking velocity moments of the electron kinetic equation, RF source terms appear
in the generalized Ohm’s law, the electron mean pressure equation and the electron

pressure anisotropy (sometimes called parallel viscosity) equation:
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The RF source terms in the electron equations are:

F5o=me [d'v (v —u) Q™ (fe),
9" = (me/2) [ v v —uw]* Q" (fo),

g = (me/2) [ dv [(v —u.)-b]* Q" (f)

For the slow instabilities of interest, the electron distribution function can be assumed
to be close to a Maxwellian. Since the amplitude of the RF source terms is also small,
these can be approximated by the corresponding explicit representations obtained with

a Maxwellian distribution f, = f.;,.



In the collisionality regimes of interest, the collisional (diffusive) parts of the per-
pendicular heat fluxes should be negligible. The corresponding collision-independent
(diamagnetic) parts are also completely specified within the required accuracy if the

lowest-order electron distribution function is (two-temperature) Maxwellian:
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The electron closure terms that must be provided by kinetic theory are:

The two independent parallel heat fluxes:

Qe = (me/2) /dgv (v —u.)-b] [v—-ul [,

gep) = (me/2) [dv [(v—u.) b [, .

The collisional moments:
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III. DRIFT-KINETIC EVALUATION OF THE FLUID CLOSURES

The electron fluid closure terms can be evaluated from the solution of a gyrophase-

averaged drift-kinetic equation. Such equation should fulfill the following requirements:

Three spatial dimensions in order to analyze non-axisymetric, non-linear magnetic
island evolution.

Two velocity dimensions. Magnetic moment no longer conserved when RF and FLR
effects are included.

Velocity moments in agreement with the macroscopic fluid equations. Include terms
beyond the lowest (zero-Larmor-radius) order, that are inversely proportional to eB but

independent of the mass.



A FINITE-LARMOR-RADIUS FORM OF THE DRIFT-KINETIC EQUATION HAS
BEEN DERIVED, HAVING THE FOLLOWING DESIRABLE FEATURES:

Accurate to the first significant finite-Larmor-radius order and valid for arbitrary

macroscopic flows.

Use of the full macroscopic flow velocity, u, to define the moving frame. Electric field

exactly eliminated algebraically and no reference to the E x B or any other drifts.

Formulation in terms of the standard MHD variables (macroscopic flow velocity and
magnetic field) only. This should facilitate the coupling to M3D, NIMROD or other
MHD-like codes.

Velocity moments reproduce all the previously derived fluid results, including the

higher-moment and higher-order in the Larmor radius results.



In its full generality, this ”driftless” FLR drift-kinetic equation is (for any species and
dropping the species index):
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where the relative velocity variable is v = v — u(x,t), with u(x,t) the macroscopic flow

velocity, and the overbars indicate gyrophase averaging.

The coeflicient functions are:
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FOR SMALL-MASS ELECTRONS, SLOW TIME EVOLUTION (9/0t < w,), SLOW
FLOWS (u < u,), AND USING AS PHASE-SPACE VARIABLES THE KINETIC EN-
ERGY ¢ =m(vf +v?)/2 AND THE MAGNETIC MOMENT g = mv?/(2B) :
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IV. ACTION ITEM

IN ORDER TO PROCEED IN A COHERENT FASHION, IT WOULD BE HIGHLY
DESIRABLE TO REACH A CONSENSUS ON THE APPROPRIATE RELATIVE OR-
DERINGS AMONG THE FOLLOWING DIMENSIONLESS RATIOS:

me/my , pi/L o, (0/0t)/Qu  Vi/Si , us/vmi , (Ps) — Ps1)/Ps » (fs — fomr)/ fsm
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MOTIVATION: PARALLEL CLOSURES OF THE FLUID MOMENT EQUATIONS,
i.,e. EVALUATION OF THE CHEW-GOLDBERGER-LOW (GYROTROPIC) PARTS
OF THE STRESS AND STRESS-FLUX TENSORS:

POST = pidje+ (py—p)bjbe = p 6 + (p) — po)(bibr — 5;1/3),

with p = (2pL+p)/3 .
and

Q5" = ar(65kbi + Subj + 613bi) + (2qm) — 3qr))bibibi |
with g = qp) +qr -
(Species indices will be omitted when equations apply to either species or to the ions.

The electron species index will be made explicit in the simplified form of the electron

equations after taking the small electron mass limit.)



THE CGL VARIABLES ARE MOMENTS OF THE GYROPHASE-AVERAGED PART
OF THE DISTRIBUTION FUNCTION IN THE MEAN FLOW REFERENCE FRAME:

p = (m/3)[dvI|v-ulff,

py—pr = (m/2) [dv {3[(v—u)-b —|v—ul’} f,

q = (m/2) [d’v[v—u)-b]|[v—ul [,

ap| = (m/2) [dv[(v—u)-b] f.

ONE MAY CHOOSE TO DETERMINE SOME OF THESE VARIABLES FROM THEIR
(NOT CLOSED) FLUID MOMENT EVOLUTION EQUATIONS AND THE REST
(THE SO-CALLED CLOSURE TERMS) FROM THE SOLUTION OF A DRIFT-
KINETIC EQUATION FOR f. SUCH DRIFT-KINETIC EQUATION SHOULD BE
COMPATIBLE WITH THE FLUID MOMENT EQUATIONS BEING USED.



KEEPING O(pum/L) + O(0pvy,/L) IN A FINITE-LARMOR-RADIUS, FAST DYNAM-
ICS ORDERING [i.e. 9/0t = O(59,,) + O(6°Q.,) and u = O(vy,) + O(dvy,,) with § ~ p,/L],
THE FLUID EVOLUTION EQUATIONS FOR THE COMPONENTS OF P““! ARE:
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Here, the non-gyrotropic, FLR terms P%", q,, qp, and ¢ are known (except for a non-

Maxwellian contribution to q, and qp,). For the electrons, P”" and ¢ can be neglected.



Specifically,
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where the m — 0 limit can be taken for the electrons.



The non-Maxwellian contributions q;, and qz, to the perpendicular heat fluxes are:
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DRIFT-KINETIC EVALUATION OF THE FLUID CLOSURES

* THE VARIABLES NEEDED FOR CLOSURE OF THE FLUID SYSTEM CAN BE
DERIVED FROM MOMENTS OF THE GYROPHASE-AVERAGED DISTRIBUTION
FUNCTIONS, f, SATISFYING DRIFT-KINETIC EQUATIONS.

* THE VELOCITY MOMENTS OF f NEEDED FOR THE FLUID CLOSURE ARE
EVALUATED MOST CONVENIENTLY IN THE MOVING FRAME OF THE FULL
MACROSCOPIC FLOW VELOCITY, u(x, ).

* FOR SONIC-SCALE DYNAMICS WITH LARGE PERPENDICULAR FLOWS
AND ELECTRIC FIELDS (u, ~ vy, and E, ~ v,B), THE ION DRIFT-KINETIC
EQUATION MUST BE DERIVED IN A MOVING FRAME CLOSE TO THE ELEC-
TRIC DRIFT VELOCITY ug(x,t) = E x B/B%, SUCH AS ug(x,t) ITSELF OR u,(x, ).



* TO DETERMINE THE COLLISIONAL TERMS IN A LOW-COLLISIONALITY
REGIME (v, < w.) AND THE PERPENDICULAR HEAT FLUX CLOSURE TERMS
4o AND q,53, WITHIN THE REQUIRED ACCURACY, ONLY THE LOWEST-ORDER
OR ZERO-LARMOR-RADIUS DISTRIBUTION FUNCTIONS f = f(’/ARE NEEDED.

* TO DETERMINE THE PRESSURES AND THE PARALLEL HEAT FLUXES (OR
THE COEFFICIENT FUNCTIONS IN THEIR FLUID EVOLUTION EQUATIONS)
WITHIN THE REQUIRED ACCURACY, FIRST-ORDER FLR SOLUTIONS OF THE
DRIFT-KINETIC EQUATION, f = f0 + f(l ARE NECESSARY.



THE DRIFT-KINETIC EQUATION FOR THE GYROPHASE-AVERAGED f IS OB-
TAINED BY EXPLOITING THE FACT THAT (¢/m) (v x B) - 0f(v,x,t)/ov IS THE
DOMINANT TERM IN THE VLASOV-BOLTZMANN EQUATION FOR A MAGNE-
TIZED PLASMA COMPONENT:

8f(VaX7 t) ﬁf(v,x, t) €
ot + V- Ix ‘|‘E<E—|—VXB>

of(v,x,1)
ov

— %C(fafs) .

THIS REQUIRES WORKING IN A REFERENCE FRAME WHERE THE ELECTRIC
FIELD IS SUFFICIENTLY SMALL (£ < vy,B). SINCE E; IS ALWAYS SMALL, THIS
CAN BE ACHIEVED WITH AN APPROPRIATE GALILEAN BOOST .



CONSIDER, FOR SIMPLICITY, THE COLLISIONLESS LIMIT AND TRANSFORM
THE VLASOV-BOLTZMANN EQUATION TO A REFERENCE FRAME MOVING
WITH VELOCITY u(x,t) RELATIVE TO THE LABORATORY:

with

F(x,t) = en(E4+uxB) — mn[%—?+(u-V)u}.

Here u(x,t) is arbitrary, provided only F/(mn) < Q..



POSSIBLE CHOICES FOR u(x,t) AND F(x,t) = en(E +u x B) — mn[0u/0t + (u - V)ul:

1.) IF E<uwyB, u=20 AND F =enE

2.) u=up=E x B/B? AND  F =enEb —mn[0ug/ot + (ugp - V)ug]

3-) u:n_lfd3vv f AND F:V‘PZV'(PCGL—FngT)



CHANGE VARIABLES TO A CYLINDRICAL COORDINATE SYSTEM IN VELOC-
ITY SPACE, LOCALLY ALIGNED WITH THE MAGNETIC FIELD:

t=t, x=x, VvV =uvbx1t) + v [cosae(xt)+sinaexx,t)],

(‘9f(v"|,vl,a,x, t) _ Z GZla {A f 1 )\l 8f}

Q.
) oa [——9 oo

WHERE A,(0/0v),9/dv',8/9x,0/0t,v), v/, x,t) = A*) ARE GYROPHASE-INDEPENDENT
OPERATORS AND ) (v, v},x,t) = \*, ARE GYROPHASE-INDEPENDENT FUNC-
TIONS.



Specifically,
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Ao = }{61 : {% +(u-V)es+ (ex- V)u+ v"| (b - V)eg] —

2 ot
0
o [% 4 (- Ver + (o1 Vutof(b- Ve — ofb- (Vx b}
i | F ,0b , vl .
Al = 2%(61 — iey) - {% — Y [a +(u-V)b+ (b Viu+uvjr|} — Dkl V x (e1 —iey)]
/\2 = —%(el — ieg) . {[(61 — ieg) . V]ll + Z?}|/| V X (61 — ieg)} .



Using Faraday’s law, with the definition of F to solve for the electric field:

V') , 0 v . 0 1 , F 9,
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FOURIER SERIES SOLUTION IN HARMONICS OF THE GYROFREQUENCY:

(9f(v|’|, /UlLa a, X, t) 2 il 8f
Qc aa = 122226 {A[ f + )\l a—oj ,
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1 2 .
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RECURSIVE SOLUTION FOR STRONG MAGNETIZATION:

fo=f"+ 10+ for = f8 4 foo = 5+,
AOf(gO) =0 )
1 1

V== B =1 = ey

182, 2482,

(Ao + 200 ) AV + (Ay + iA) ALY + Ao £ + (Ar — id) FY + (Ao — 2id) fY =0 .

Substituting the solutions for fill) and filz) :
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EVALUATION OF COMMUTATORS:

2
%[(A1 — AL — (A + AN = Qi{b « (% oY)~ b (V % b)] b} (% +
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ALL INDEPENDENT OF (e; , e3).



FINAL FORM OF THE COLLISIONLESS FLR DRIFT-KINETIC EQUATION:

8f(v|’|, Uj_a X, t) af / 8f / 8f
. LY . —J ° — O
ot X 0x ) (?fvﬁ T o', ’
with the coefficient functions:
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FOR SMALL-MASS ELECTRONS AND USING AS PHASE-SPACE VARIABLES
THE MOVING FRAME KINETIC ENERGY ¢’ = m. (v +v7)/2 AND MAGNETIC
MOMENT /' = m.'2/(2B) :

8ﬂ(5’,u’,x,t) . afe ./ afe ./afe L
ot X Py Ty =0
where
. o 1/2 / b . b E_ I,
X = {2(5 ,uB)/me} b + BV x o ol X {n (2¢ 3,&3)&} + u,

¢ = e -wmm] 2 wp v (BT

b F
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meldee M
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FOR SMALL-MASS ELECTRONS WITH v, ~ u, < vy, < v, THE DRIFT-KINETIC
ANALYSIS CAN BE CARRIED OUT IN THE LABORATORY FRAME. THEN, SET-
TING u=0,F = —enE AND USING AS PHASE-SPACE VARIABLES THE LABORA-
TORY FRAME ¢ = m(v] +0%)/2 AND 1 = mv? /(2B), ONE GETS:

afe(gvuaxat) + . afe -afe . afe

ot Xoox T thyg, =0
where
% = 2 —uB)/m)"b + uBVx o 4 P [ Bt (2 - 3uB)K]
- ILL ‘ M mche mche /J/ ’
£ = — [2(8—#3)/77141/261)-]3 + ,LLBV-(%XE) — (28—3uB><%><E>-F{,,
po= 1 b (Vxb)][b-(E+uVB)| + 2(c - uB)b-(V x &)},

m6Q66

in agreement with the conventional analysis [Hazeltine, Plasma Phys. 15, 77 (1973)].



MOMENTS OF THE DRIFT-KINETIC EQUATION

IN ORDER TO OBTAIN FLUID EQUATIONS FOR THE CGL VARIABLES BY TAK-
ING MOMENTS OF THE DRIFT-KINETIC EQUATION, IT IS MOST ADVANTA-
GEOUS TO WORK IN THE MACROSCOPIC FLOW REFERENCE FRAME.
THEREFORE, SET u=n'/dvvf AND F=V-P

IN THE COEFFICIENT FUNCTIONS OF THE DRIFT-KINETIC EQUATION, ONE

NEEDS TO EVALUATE:
bxF  bx(V.-PhH 1

aQ a Q—[bepLJr(pH—pL)bxm}

and

b-F =b-[V- (P’ +P¥)] = b-Vp —(p—p)b-VInB +

1
+ V- {Q— b % [2]?"(1) . V)u +p bXxw+ V(C_IH — qB”) + Q(QQBH — qH)K)H +

b X K
£

+ 2p(b - V)u+pib x @+ V(g —gp))|} + pro.



TAKING THE 1, o|, v?, v?, v}, vjy2 MOMENTS OF THE FLR DRIFT-KINETIC
EQUATION, ONE GETS:

/dgv’v",f = 0,

TWO PRESSURE EVOLUTION EQUATIONS IDENTICAL TO THOSE OBTAINED
FROM THE MOMENTS OF THE VLASOV EQUATION AND SHOWN EARLIER.

TWO PARALLEL HEAT FLUX EVOLUTION EQUATIONS IDENTICAL TO THOSE
OBTAINED FROM THE MOMENTS OF THE VLASOV EQUATION [Ramos, Phys.
Plasmas 12, 052102 (2005)].



THE FluId AND DRIFT-KINETIC EPVATIONS SHOWN
MAKE THE FOLLOWING DIAGRAM COMMVUTATIVE,

INCLUDING THE FIRST-ORDER FLR TERMS FoR
SONIC-SCALE TImME EVOLTION AND MEAN Flows:

‘ f
VLASOV- BOLTEMAN | 3, ExPANSION DRIFT-KINETIC

KINETIL EPoATON| ~ > E®VATION
|
1 MOMENTS 1 MOM ENTS
i mes——
FLUID MOMENT | 7 ExPANS)ON MAGNET)ZED
>

EQVATIONS FLVID EFQ@VvATIONS




A FINITE-LARMOR-RADIUS FORM OF THE DRIFT-KINETIC EQUATION HAS
BEEN DERIVED, SUITABLE FOR DETERMINATION OF THE FLUID CLOSURES

* ACCURATE TO THE FIRST FLR ORDER IN THE FAST DYNAMICS ORDER-
ING AND VALID FOR SONIC MACROSCOPIC FLOWS.

* USE OF THE FULL MACROSCOPIC FLOW VELOCITY, u(x,t), TO DEFINE
THE MOVING FRAME. EXACT ALGEBRAIC ELIMINATION OF THE ELECTRIC
FIELD AND NO REFERENCE TO up OR ANY OTHER DRIFTS.

* FORMULATION IN TERMS OF THE STANDARD MHD VARIABLES (MACRO-
SCOPIC FLOW VELOCITY AND MAGNETIC FIELD).

* VELOCITY MOMENTS REPRODUCE ALL THE PREVIOUSLY DERIVED FLUID
RESULTS, INCLUDING THE HIGHER-MOMENT FLR RESULTS.
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I. INTRODUCTION: SCOPE OF THE WORK

FINITE-LARMOR-RADIUS, TWO-FLUID EQUATIONS TO DESCRIBE MACRO-
SCOPIC DYNAMICS IN MAGNETIZED PLASMAS (EXTENDED MHD):

L~p/Jo>p,, Wy ~ 07 S 0/t S wy ~ 0,

RIGOROUS FLUID CLOSURE ONLY AT HIGH COLLISIONALITY.

IN LOW-COLLISIONALITY REGIMES, THE FLUID MOMENTS OF THE KI-
NETIC EQUATION STILL PROVIDE A GOOD APPROXIMATION FOR THE PER-
PENDICULAR DYNAMICS.

HYBRID APPROACH: EXPLOIT THE FLUID MOMENT INFORMATION TO
THE MAXIMUM, TO BE COMPLEMENTED BY A KINETIC EVALUATION OF
THE UNAVAILABLE CLOSURE TERMS.



NOTEWORTHY FEATURES

GENERAL GEOMETRY AND INHOMOGENEOUS MAGNETIC FIELDS.

FULLY NONLINEAR. ARBITRARY FLUCTUATION AMPLITUDES.

FULLY ELECTROMAGNETIC.

FAR-FROM-MAXWELLIAN DISTRIBUTION FUNCTIONS ALLOWED.

EITHER FAST (SONIC) OR SLOW (DIAMAGNETIC DRIFT) ORDERINGS.

DIAMAGNETIC EFFECTS FOR ARBITRARY DENSITY AND TEMPERATURES.



WORKING ASSUMPTIONS IN THE APPLICATIONS TO BE PRESENTED

MACROSCOPIC PHYSICS IN MAGNETIZED PLASMAS: § ~ p,/L < 1.

ORDERING OF TIME DERIVATIVES LINKED TO MEAN FLOW VELOCITIES
THROUGH 0/0t ~ u,/L, with dvy, S u, ~ ue S vy,

QUASINEUTRALITY WITH SINGLE ION SPECIES: n, =n, = n.

SMALL MASS RATIO: (m./m,)"? < 6.

LOW COLLISIONALITY: v,/Q,, < 8 (me/m,)"%, or v, /v, ~ vie/ve 2 (m,/m.) 2L

COMPARABLE PRESSURES. ARBITRARY ANISOTROPIES: p, ~ p. ~ (Do — PoL)-



II. GENERAL FLUID FORMALISM

THE RESULTS GIVEN IN THIS SECTION ARE EXACT WITHOUT APPROXI-
MATIONS AND VALID FOR EACH SPECIES INDEPENDENTLY.

ASSUME ONLY THE UNDERLYING KINETIC DESCRIPTION:

af(V7X7 t) .af(V, X, t) €
ot Y Ox; i m

of(v,x,t
(Ej + EjklUkBl) f(a ) = C(V,X,t),
Uj

WHERE (C(v,x,t) IS THE COMPLETE FOKKER-PLANK COLLISION OPERATOR.



DEFINE THE FOLLOWING FLUID MOMENTS:
n(x,t) = /d3v f(v,x,t),
n(x,t) u;(x,t) = /d3v v; f(v,x,1),
Pir(x,t) = m [ v (v —uj)(vp — uz) f(v,x,1),
Qju(x,t) = m/d3V (vj —uj) (v — ug)(vp —wy) f(v,x,t),

1 5
Rjrim(x,t) = m2/d3v (v —uj) (v — ug) (v — W) (Vg — wm) f(V,%x,1) = - Piik Pimp + Rjrm(x, 1),

F]-CO”(X, t) = m/ d*v (v; —u;) C(v,x, 1),
coll _ 3 - —
G (x,t) = m/d v (v; —uj) (v —ug) C(v,x,t),

H (x,t) = m [ dPv (v — ;) (o — we) (v — ) Cv, %, 1).



TAKING THE VELOCITY MOMENTS OF THE KINETIC EQUATION:

on  O(nuy)
ot i (%cj

:O’

0 0 OP.
mn ( U; uj) + jk en(Ej+€jklukBl) o choll = 0,

ot "oz T o

Py 0 duy; e ;
— (P . _P T BmP Gco _ O,
ot + (9513[< Jkul—l‘ijl) + Oz: k] me[ﬂm n
0Q; 0 1. O .
aékl + axm(ijzum+ R]kzm> ijkl €imnBn Qi
L 8 coll coll
" mP[jma m( P’fl]) i7" Pryp — Hig = 0



FORMAL SOLUTION FOR THE STRESS TENSOR

A

Pit = pidje + (o) —po)bibe + P = PSTH + Py

with p = (p+2p1)/3 and P = Pibibr = 0.

Then,
3:0p  O(puy) Ou, dq; Il
° p, 2t Y4 el
2o * O, |+ Pigy, o, Y /
10p = Opju;) dby, Oby, Ouy 4B, by, I
- 2 — Papbil—— e — Qjubj— — 95" =
2{815 Oz ] Ik '7{815 +ulaa?l l@xk i Oz Qi 10 9B
and
A 1
P]'k; = Ze[jlmblen((Snk] + Sbnbk])
. m OP d duy; co
with Kir = o 8Z -+ 8—:1:Z<ijul+ijl> + 8—:13[;Plk] — ijll .



A COMPLETELY ANALOGOUS FORMAL SOLUTION IS OBTAINED FOR THE
STRESS-FLUX TENSOR:

Qi = ar|oysby + (ap) — 3arbibib + Qi = Q5" + Qjm

with g9 = qp| +ar| and  Quub; = Qubjbibi = 0.
8q|| 6(q||uj) ob; 0b; ouy, ouy, 1 0 ,3p 1
— [t~ p ot b2 TPl (Lo + P
5 T o, j{at U g j} Q]kl]a Pk l@a:j(Qn et k) +
1 (‘9F~2jku 1 coll (P coll
o e T mnbiEh (505 +Pix) — b =0,

etc.

THE TENSOR FNijlm AND THE COLLISIONAL MOMENTS ARE THE KINETIC
CLOSURE VARIABLES.



ITI. TWO-FLUID SYSTEM FOR FAST (SONIC) DYNAMICS

IN A SINGLE-ION QUASINEUTRAL PLASMA:

u. = u, — —j,
en
j = VxB,
0B
— + VXE =0

CONSIDER NOW THE FAST ORDERING 8/t ~ u,/L ~ v,/ L, with L ~ L, ~ L.



ELECTRON MOMENTUM EQUATION, KEEPING O(vy,B) + O(8vy, B):

E = —u xB + i(j><B—v.P§"’L),
en

with

Pa| — PaL

VPl = Vpa + (B-V)( =

B).

THE PARALLEL ELECTRIC FIELD IS AVAILABLE TO O(évy,, B) + O(6%vy, B):

1
Ej = —|-b-Vpy + (po —per)b-V(nB) + FJ"] .

en
with

coll VePeUthe b - <V — U—e)
GHH - n /d3v ‘V—ue’?) fc(O)(V) ~ Vepe/vthe < 5]?6/[4



SUM OF THE ION AND ELECTRON MOMENTUM EQUATIONS,
KEEPING O(m,nv}, /L) + O(dmmnv3, /L):

ou, ~
mm[(; +(u, - Vu| + V- (PEP+PILP) — jxB =0,
where
A 1
Pb,jk - 1 6[jlmbl KL,mn (671]{:] + anbk])
and
m, ou 8(qTHb }) ou ]
Kbmn - 5 L & L bm 2 L -3 L n 2 ] = P b - )
eB{pL(?x[m + O + 0 {(QBH QTH)“?] + (PH piL) l@x;”

with k = (b V)b.



FOR THE FIRST TERM OF THE ION GYROVISCOUS STRESS TENSOR,

FA’L{]'/{; = % €[jimbi (({;?;L; 85;,:> (i) + 3bnby)
ITS EXACT DIVERGENCE IS
VP, = —mn(u,-V)u, — Vx, + (B-V)f %B + ":gj bx[3(b-V)u +bxw]} -
—V x {”;ﬁf; 2(b-V)u, + (V-u,—3b-[(b-V)u)) b},
where
u, = —%V X (%b) : X, = ”;gj;(b-wﬁ and w, = V xu,.

SIMILAR EXPRESSIONS ARE OBTAINED FOR THE OTHER GYROVISCOSITY
TERMS.



ION AND ELECTRON PRESSURE EQUATIONS, KEEPING O (pavi/L)+O(8pavin, /L):

; % + V- (pauaﬂ + paV-u, 4+ (P —pm){b- [(b : V)ua] - V- ua/B} + V- (anb) +

A

+Pa:(vua) + v'qon_ - 07

+V- <pa||ua)] + paHb . [(b . V)ua} + V- (an”b) + anHb . V(ln B) +

+b-Po-(bxwa) + Vodapr — 2api K + a0 — o = 0,

where P.=0, o.,=0,

coll _ VP Uth, /d3V ‘V _ u//’2 - B[b : (V

—u,)]’ 3 0 0
95 = T ST Jdw [0+ w) f9(w) ~ vy =)

and

i =" e ) [ O w) S0~ vl = ).



CONTRIBUTIONS OF THE PERPENDICULAR STRESS-FLUX TENSORS TO

THE PRESSURE EQUATIONS:
1

- Pel| +4Dery  Pe||(De| — Per) N
el = — €Bb X {pej_v< M, ) + n K'} + del ,
1 Pe|y - Pel|(Pe|| — Pe) i
QeBlL = — G—Bb X [ eLv<%) + n K’} + geB1

+ 4 L _ ~
u) Pl (P pLL)r;, +2m,(q,| + 2q,7))(b - V)u, +m,q,rb x w,| + Q.1 ,

qQ.1L = —b X {puv< m n

el

pbu) N P (P — Pur)

1 _
qQ.B1L — —b X { LLV< K+ 2mLQbBH(b ’ v>uL + mAQLTHb X wb} + qQ.BL

eB 2n n
and
. = q, b; 5mn — bmbn 7 | ’
q1|0 Ay Beﬂfl (aggm T 8:51)( )<6xn * Ox; )



IV. KINETIC DETERMINATION OF THE FLUID CLOSURES

1.) THE UNKNOWN TERMS NEEDED TO CLOSE THE TWO-FLUID SYSTEM
CAN BE DERIVED FROM MOMENTS OF THE GYROPHASE-AVERAGED f,.

2.) THE VELOCITY MOMENTS OF f, NEEDED FOR THE FLUID CLOSURE
ARE EVALUATED MOST CONVENIENTLY IN THE MOVING FRAME OF THE
FULL MACROSCOPIC FLOW VELOCITY, u,(x,1).

3.) FOR THE FAST DYNAMICS UNDER CONSIDERATION, WITH LARGE PER-
PENDICULAR ELECTRIC FIELDS E, ~ v;,B, THE DRIFT-KINETIC EQUATION
MUST BE DERIVED IN A MOVING FRAME CLOSE TO THE ELECTRIC DRIFT
VELOCITY ug(x,t) = E x B/B%, SUCH AS ug(x,t) ITSELF OR u,(x,t).



4.) TO DETERMINE THE COLLISIONAL MOMENTS AND THE PERPENDIC-
ULAR HEAT FLUX CLOSURE TERMS q,; AND q,z1 WITHIN THE REQUIRED
ACCURACY, ONLY THE LOWEST-ORDER OR ZERO-LARMOR-RADIUS DISTRI-
BUTION FUNCTIONS f, = f’ ARE NEEDED.

5.) TO DETERMINE THE PARALLEL HEAT FLUXES (OR THE COEFFICIENT
FUNCTIONS IN THEIR EVOLUTION EQUATIONS) WITHIN THE REQUIRED
ACCURACY, FIRST-ORDER FLR SOLUTIONS OF THE DRIFT-KINETIC EQUA-
TION, f, = f + f(U, ARE NECESSARY.



A FINITE-LARMOR-RADIUS FORM OF THE DRIFT-KINETIC EQUATION HAS
BEEN DERIVED, SUITABLE FOR DETERMINATION OF THE FLUID CLOSURES

* ACCURATE TO THE FIRST FLR ORDER IN THE FAST DYNAMICS ORDER-
ING AND VALID FOR SONIC MACROSCOPIC FLOWS.

* USE OF THE FULL MACROSCOPIC FLOW VELOCITY, u,(x,t), TO DEFINE
THE MOVING FRAME. EXACT ALGEBRAIC ELIMINATION OF THE ELECTRIC
FIELD AND NO REFERENCE TO up OR ANY OTHER DRIFTS.

* FORMULATION IN TERMS OF THE STANDARD MHD VARIABLES (MACRO-
SCOPIC FLOW VELOCITY AND MAGNETIC FIELD).

* VELOCITY MOMENTS REPRODUCE ALL THE PREVIOUSLY DERIVED FLUID
RESULTS, INCLUDING THE HIGHER-MOMENT FLR RESULTS.



FINITE-LARMOR-RADIUS, "DRIFTLESS” DRIFT-KINETIC EQUATION

8]?(1)",, Uj_) X, t) . 8]‘ f af Dcollf’
at X & v H 8UH v J_ (%JL N Dt 7

with the coefficient functions:

. v'? b b V-P , v}
X:u+v|’|b+2V><QC—QC><[mn —QUH(b V)u—(v,"—Q)ﬁ:},
. b VP) /2 /2 b
b V-P vt

, ,Uj_ / b VP / 12
o = 2{b.[(lo-V)u] ~V-u + vfb-VInB + V-[> x ( (b-V)u—vik)| +

Q). mn

+2[£><(wxb)}-[(b-V)unLvﬁ&} - (Exn)-[v -

Q 0, — 4vj(b- V)ul}.

mmn



THE FluId AND DRIFT-KINETIC EPVATIONS SHOWN
MAKE THE FOLLOWING DIAGRAM COMMVUTATIVE,

INCLUDING THE FIRST-ORDER FLR TERMS FoR
SONIC-SCALE TImME EVOLTION AND MEAN Flows:

‘ f
VLASOV- BOLTEMAN | 3, ExPANSION DRIFT-KINETIC

KINETIL EPoATON| ~ > E®VATION
|
1 MOMENTS 1 MOM ENTS
i mes——
FLUID MOMENT | 7 ExPANS)ON MAGNET)ZED
>

EQVATIONS FLVID EFQ@VvATIONS




V. REDUCED TWO-FLUID SYSTEM FOR SLOW (DRIFT)
DYNAMICS

A WIDELY USED ORDERING FOR SLOW DYNAMICS ON THE DIAMAGNETIC
DRIFT SCALE IS:

(9/875 ~ Wy " 52 Qcia

Uy ~ Uxqy ~ O Ui -

CONSISTENT IMPLEMENTATION OF THIS DRIFT ORDERING REQUIRES EI-
THER A SECOND-ORDER-ACCURATE EVALUATION OF THE CGL PRESSURES
i.e. py. = Olmmvd,) + O(0*mnvl,) WHICH CAN ONLY BE ACCOMPLISHED KI-
NETICALLY], OR THE INTRODUCTION OF A SMALL PARALLEL GRADIENT
[b-V = 0(6%/L)] SUBSIDIARY ORDERING.



DRIFT-ORDERED TWO-FLUID REDUCED SYSTEM WITH V| ~ 6%/ L

Reduced fluid systems are characterized by:

Separate parallel and perpendicular length scales in large aspect ratio geometry.
Subsidiary expansion parameter ¢ ~ L, /L) ~ kj/k, < 1 besides 6 ~ p, /L, < 1.
Weakly inhomogeneous magnetic field ( |[VB|| ~ B/L).

Elimination of the fast magnetosonic wave.

Carry out one such reduction of our low-collisionality two-fluid equations, assumming:

Slow dynamics, with drift-ordered particle and heat flows:
a/at ~ 62 QCL ) Ug| ~ Ual ™~ 0 Uthy do| ™~ qal ™~ 0 Uthy Pa -

Weakly inhomogenous magnetic field and small parallel gradient ordering in a

large aspect ratio toroidal background geometry, with 3 ~ ¢ ~ §%:

e~ (R—Ry)/Ry~L,/Lj~¥&, kj~b-V~e V~1/Ry~ ek,

B = BOeC+B1 ) ’B1’ ~ By ) Po ™~ Pe (pozH _paJ_) ~ EBS .



TWO-FLUID REDUCED SYSTEM FEATURES

Valid for general density and temperature gradients and for arbitrary density and
temperature fluctuation amplitudes. Rigorous account of all the relevant diamagnetic

effects, in particular ion gyroviscosity and ion and electron perpendicular heat fluxes.

All dynamical fields advected by the leading-order ug drift: d'/dt = 9/0t + By '[®, ].

Parallel heat flux terms absent from the lowest-significant-order system, which is

formally closed except for the three collisional moments F (fHOH, gl and gyl

Ion parallel velocity evolved by m,n d'v, /dt + V| (p,| + p.) = 0, decoupled from the rest.

Use of the parallel curl of the ion particle flux, W = B .|V x (nu,)|, as auxiliary variable

to determine the electric potential from the vorticity equation.



FINAL FORM OF THE TWO-FLUID REDUCED SYSTEM

The coupled system for the seven scalar fields n , p,| , poL , ¥ and @, derived from the
continuity equation, the four pressure evolution equations and the parallel components
of the generalized Ohm’s law and the curl of the total momentum equation in their

lowest significant order, is:

d'n
am_
dt ’
1d/p04“ 1l
S2 el gedl
2 dt e ’
d’p(u + <poz|] _paJ_> [n D J_] + gcoll — 0
dt SeaBOnQ e b ’
o Il
b — — ~ Rl —
2 VI Vn Pej + o L >

VJ_ : (nVJ_(I)) — W - VJ_pLJ_ 3

dW 1 1 ;
Ol S ) vAN)Y _ 0
Fra ZB()HVL %, n] + VII(V V) + eBO[VL Vipi] + mLRO[R7 (Duy + Dot + Dejj + Pet)] 0



HIGHLIGHTED FINITE-LARMOR-RADIUS RESULTS

LOW-COLLISIONALITY GYROVISCOSITY TENSOR FOR GENERAL FLOWS
AND ANISOTROPIC PRESSURES. EXACT EXPRESSION OF ITS DIVERGENCE.

PERPENDICULAR HEAT FLUXES FOR GENERAL FLOWS AND ANISOTROPIC
PRESSURES.

DYNAMIC EVOLUTION EQUATIONS FOR PARALLEL HEAT FLUXES.

DRIFT-KINETIC EQUATION IN THE MEAN FLOW REFERENCE FRAME.

REDUCED TWO-FLUID SYSTEM IN THE DIAMAGNETIC DRIFT DYNAMI-
CAL SCALE.





