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I. GENERAL CONSIDERATIONS

The proposed RF/MHD approach is based on an underlying low-frequency kinetic

equation, obtained after averaging over the high-frequency RF fields, of the form:

∂f (v,x, t)

∂t
+ v · ∂f (v,x, t)

∂x
+

e

m

(
E + v × B

)
· ∂f (v,x, t)

∂v
=

∑
s

C(f, fs) + QRF (f ),

with the Fokker-Plank collision operator:

C(f, fs) = − c4e2e2
s ln Λs

8πm

∂

∂v
·

∫
d3w U(v,w) ·

[f (v,x, t)

ms

∂fs(w,x, t)

∂w
− fs(w,x, t)

m

∂f (v,x, t)

∂v

]
,

and the quasi-linear RF velocity-space diffusion operator:

QRF (f ) =
∂

∂v
· DRF (v,x, t) · ∂f (v,x, t)

∂v
.



THE AVAILABLE STANDARD FORM OF THE QRF OPERATOR IS DERIVED

FOR A HOMOGENEOUS BACKGROUND MAGNETIC FIELD AND VANISHING

BACKGROUND ELECTRIC FIELD.

IN ORDER TO IGNORE CORRECTIONS DUE TO THE MAGNETIC INHOMO-

GENEITY, CONSIDER ONLY ELECTRON-CYCLOTRON RF WAVES WHOSE IN-

TERACTION WITH THE PLASMA COULD BE TREATED IN A LOCAL APPROX-

IMATION.

FOR THE PROPAGATION OF THESE EC WAVES, RAY TRACING SHOULD BE

SUFFICIENT.

IT IS NOT CLEAR WHAT THE CONSEQUENCES OF IGNORING THE BACK-

GROUND ELECTRIC FIELD IN QRF ARE.



II. ELECTRON FLUID EQUATIONS WITH RF SOURCE TERMS

Taking velocity moments of the electron kinetic equation, RF source terms appear

in the generalized Ohm’s law, the electron mean pressure equation and the electron

pressure anisotropy (sometimes called parallel viscosity) equation:

E + ue × B +
1

en

{
∇ ·

[
peI + (pe‖ − pe⊥)(bb − I/3)

]
− Fcoll

e − FRF
e

}
= 0,

3

2

[∂pe

∂t
+ ∇ ·

(
peue

)]
+ pe∇ · ue + (pe‖ − pe⊥)

{
b ·

[
(b · ∇)ue

]
−∇ · ue/3

}
+

+ ∇ ·
(
qe‖b + qe⊥

)
− gcoll

e − gRF
e = 0 ,

∂(pe‖ − pe⊥)

∂t
+ ∇ ·

[
(pe‖ − pe⊥)ue

]
+ (pe‖ − pe⊥)

{
b ·

[
(b · ∇)ue

]
+ ∇ · ue/3

}
+

+ pe

{
b ·

[
3(b · ∇)ue

]
−∇ · ue

}
+ ∇ ·

[
(3qeB‖ − qe‖)b + 3qeB⊥ − qe⊥

]
+

+ 3(qe‖ − qeB‖)b · ∇(ln B) − 6qeB⊥ · κ + gcoll
e + gRF

e − 3gcoll
eB − 3gRF

eB = 0 .



The RF source terms in the electron equations are:

FRF
e = me

∫
d3v (v − ue) QRF (fe),

gRF
e = (me/2)

∫
d3v |v − ue|2 QRF (fe),

gRF
eB = (me/2)

∫
d3v [(v − ue) · b]2 QRF (fe)

For the slow instabilities of interest, the electron distribution function can be assumed

to be close to a Maxwellian. Since the amplitude of the RF source terms is also small,

these can be approximated by the corresponding explicit representations obtained with

a Maxwellian distribution fe = feM .



In the collisionality regimes of interest, the collisional (diffusive) parts of the per-

pendicular heat fluxes should be negligible. The corresponding collision-independent

(diamagnetic) parts are also completely specified within the required accuracy if the

lowest-order electron distribution function is (two-temperature) Maxwellian:

qe⊥ = − 1

eB
b ×

[
pe⊥∇

(pe‖ + 4pe⊥
2n

)
+

pe‖(pe‖ − pe⊥)

n
κ

]
,

qeB⊥ = − 1

eB
b ×

[
pe⊥∇

(pe‖
2n

)
+

pe‖(pe‖ − pe⊥)

n
κ

]
.



The electron closure terms that must be provided by kinetic theory are:

The two independent parallel heat fluxes:

qe‖ = (me/2)
∫

d3v [(v − ue) · b] |v − ue|2 fe ,

qeB‖ = (me/2)
∫

d3v [(v − ue) · b]3 fe .

The collisional moments:

Fcoll
e = me

∫
d3v (v − ue)

∑
s

C(fe, fs),

gcoll
e = (me/2)

∫
d3v |v − ue|2

∑
s

C(fe, fs),

gcoll
eB = (me/2)

∫
d3v [(v − ue) · b]2

∑
s

C(fe, fs)



III. DRIFT-KINETIC EVALUATION OF THE FLUID CLOSURES

The electron fluid closure terms can be evaluated from the solution of a gyrophase-

averaged drift-kinetic equation. Such equation should fulfill the following requirements:

Three spatial dimensions in order to analyze non-axisymetric, non-linear magnetic

island evolution.

Two velocity dimensions. Magnetic moment no longer conserved when RF and FLR

effects are included.

Velocity moments in agreement with the macroscopic fluid equations. Include terms

beyond the lowest (zero-Larmor-radius) order, that are inversely proportional to eB but

independent of the mass.



A FINITE-LARMOR-RADIUS FORM OF THE DRIFT-KINETIC EQUATION HAS

BEEN DERIVED, HAVING THE FOLLOWING DESIRABLE FEATURES:

Accurate to the first significant finite-Larmor-radius order and valid for arbitrary

macroscopic flows.

Use of the full macroscopic flow velocity, u, to define the moving frame. Electric field

exactly eliminated algebraically and no reference to the E× B or any other drifts.

Formulation in terms of the standard MHD variables (macroscopic flow velocity and

magnetic field) only. This should facilitate the coupling to M3D, NIMROD or other

MHD-like codes.

Velocity moments reproduce all the previously derived fluid results, including the

higher-moment and higher-order in the Larmor radius results.



In its full generality, this ”driftless” FLR drift-kinetic equation is (for any species and

dropping the species index):

∂f̄ (v′‖, v
′
⊥,x, t)

∂t
+ ẋ · ∂f̄

∂x
+ v̇′‖

∂f̄

∂v′‖
+ v̇′⊥

∂f̄

∂v′⊥
= C̄ + Q̄RF (fM) ,

where the relative velocity variable is v′ = v − u(x, t), with u(x, t) the macroscopic flow

velocity, and the overbars indicate gyrophase averaging.

The coefficient functions are:

ẋ = u + v′‖b +
v′2⊥
2
∇× b

Ωc
+

b

Ωc
×

[ F

mn
+ 2v′‖(b · ∇)u +

(
v′2‖ − v′2⊥

2

)
κ

]

with

F(x, t) = − en(E + u × B) + mn
[∂u

∂t
+ (u · ∇)u

]
= − ∇ · P + Fcoll ,



v̇′‖ = − b · F
mn

− v′‖b · [(b · ∇)u] − v′2⊥
2

b · ∇ ln B +
v′2⊥
2
∇ ·

[ b

Ωc
× (ω × b + v′‖κ)

]
−

−
[ b

Ωc
× (ω × b + v′‖κ)

]
·

[ F

mn
+ 2v′‖(b · ∇)u + v′2‖ κ

]
− v′2⊥

2
σ

with

ω(x, t) = ∇× u and σ(x, t) =
1

4Ωc
εjklbj

( ∂bk

∂xm
+

∂bm

∂xk

)
(δmn − bmbn)

( ∂ul

∂xn
+

∂un

∂xl

)
,

and

v̇′⊥ =
v′⊥
2

{
b · [(b · ∇)u] −∇ · u + v′‖b · ∇ ln B − ∇ ·

[ b

Ωc
×

( F

mn
+ 2v′‖(b · ∇)u + v′2‖ κ

)]
+

+ 2
[ b

Ωc
× (ω × b)

]
·

[
(b · ∇)u + v′‖κ

]
+

( b

Ωc
× κ

)
·

[ F

mn
+ 4v′‖(b · ∇)u

]}
.



FOR SMALL-MASS ELECTRONS, SLOW TIME EVOLUTION (∂/∂t < ω∗), SLOW

FLOWS (u < u∗), AND USING AS PHASE-SPACE VARIABLES THE KINETIC EN-

ERGY ε = m(v′2‖ + v′2⊥)/2 AND THE MAGNETIC MOMENT µ = mv′2⊥/(2B) :

ẋ · ∂f̄ (ε, µ,x, t)

∂x
+ ε̇

∂f̄

∂ε
+ µ̇

∂f̄

∂µ
= C̄ + Q̄RF (fM) ,

where

ẋ =
[
2(ε − µB)/m

]1/2
b + µB ∇× b

mΩc
+

b

mΩc
×

[F
n

+ (2ε − 3µB)κ
]
,

ε̇ = −
[
2(ε − µB)/m

]1/2b · F
n

− µB ∇ ·
( b

mΩc
× F

n

)
+ (2ε − 3µB)

( b

mΩc
× F

n

)
· κ ,

µ̇ =
µ

mΩc
b ·

{
∇×

[
2(ε − µB)κ

]
− [b · (∇× b)]

(F
n

+ µ∇B
)}

.



IV. ACTION ITEM

IN ORDER TO PROCEED IN A COHERENT FASHION, IT WOULD BE HIGHLY

DESIRABLE TO REACH A CONSENSUS ON THE APPROPRIATE RELATIVE OR-

DERINGS AMONG THE FOLLOWING DIMENSIONLESS RATIOS:

me/mi , ρi/L , (∂/∂t)/Ωci , νi/Ωci , us/vthi , (ps‖ − ps⊥)/ps , (fs − fsM)/fsM
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MOTIVATION: PARALLEL CLOSURES OF THE FLUID MOMENT EQUATIONS,

i.e. EVALUATION OF THE CHEW-GOLDBERGER-LOW (GYROTROPIC) PARTS

OF THE STRESS AND STRESS-FLUX TENSORS:

PCGL
jk = p⊥δjk + (p‖ − p⊥)bjbk = p δjk + (p‖ − p⊥)(bjbk − δjk/3),

with p = (2p⊥ + p‖)/3 .

and

QCGL
jkl = qT‖(δjkbl + δklbj + δljbk) + (2qB‖ − 3qT‖)bjbkbl ,

with q‖ = qB‖ + qT‖ .

(Species indices will be omitted when equations apply to either species or to the ions.

The electron species index will be made explicit in the simplified form of the electron

equations after taking the small electron mass limit.)



THE CGL VARIABLES ARE MOMENTS OF THE GYROPHASE-AVERAGED PART

OF THE DISTRIBUTION FUNCTION IN THE MEAN FLOW REFERENCE FRAME:

p = (m/3)
∫

d3v |v − u|2 f̄ ,

p‖ − p⊥ = (m/2)
∫

d3v
{
3[(v − u) · b]2 − |v − u|2

}
f̄ ,

q‖ = (m/2)
∫

d3v [(v − u) · b] |v − u|2 f̄ ,

qB‖ = (m/2)
∫

d3v [(v − u) · b]3 f̄ .

ONE MAY CHOOSE TO DETERMINE SOME OF THESE VARIABLES FROM THEIR

(NOT CLOSED) FLUID MOMENT EVOLUTION EQUATIONS AND THE REST

(THE SO-CALLED CLOSURE TERMS) FROM THE SOLUTION OF A DRIFT-

KINETIC EQUATION FOR f̄ . SUCH DRIFT-KINETIC EQUATION SHOULD BE

COMPATIBLE WITH THE FLUID MOMENT EQUATIONS BEING USED.



KEEPING O(pvthι/L) + O(δpvthι/L) IN A FINITE-LARMOR-RADIUS, FAST DYNAM-

ICS ORDERING [i.e. ∂/∂t = O(δΩcι) + O(δ2Ωcι) and u = O(vthι) + O(δvthι) with δ ∼ ρι/L],

THE FLUID EVOLUTION EQUATIONS FOR THE COMPONENTS OF PCGL ARE:

3

2

[∂p

∂t
+ ∇ ·

(
pu

)]
+ p∇ · u + (p‖ − p⊥)

{
b ·

[
(b · ∇)u

]
−∇ · u/3

}
+ ∇ ·

(
q‖b

)
+

+ Pgyr : (∇u) + ∇ · q⊥ − gcoll = 0

and

∂(p‖ − p⊥)

∂t
+ ∇ ·

[
(p‖ − p⊥)u

]
+ (p‖ − p⊥)

{
b ·

[
(b · ∇)u

]
+ ∇ · u/3

}
+

+ p
{
3b ·

[
(b · ∇)u

]
−∇ · u

}
+ ∇ ·

[
(3qB‖ − q‖)b

]
+ 3(q‖ − qB‖)b · ∇(ln B) +

+3b · Pgyr · (b × ω) − Pgyr : (∇u) + ∇ · (3qB⊥ − q⊥) − 6qB⊥ · κ + 3(q‖ − qB‖)σ + gcoll − 3gcoll
B = 0 .

Here, the non-gyrotropic, FLR terms Pgyr, q⊥, qB⊥ and σ are known (except for a non-

Maxwellian contribution to q⊥ and qB⊥). For the electrons, Pgyr and σ can be neglected.



Specifically,

Pgyr : (∇u) = b · Pgyr · [2(b · ∇)u + b × ω] + (q‖ − qB‖)σ ,

b · Pgyr =
m

eB
b × [2p‖(b · ∇)u + p⊥b × ω + ∇(q‖ − qB‖) + 2(2qB‖ − q‖)κ] ,

σ =
m

4eB
εjklbj

( ∂bk

∂xm
+

∂bm

∂xk

)
(δmn − bmbn)

( ∂ul

∂xn
+

∂un

∂xl

)
,

q⊥ =
1

eB
b ×

[
p⊥∇

(p‖ + 4p⊥
2n

)
+

p‖(p‖ − p⊥)

n
κ + 2m(2q‖ − qB‖)(b · ∇)u + m(q‖ − qB‖)b × ω

]
+ q̃⊥ ,

qB⊥ =
1

eB
b ×

[
p⊥∇

( p‖
2n

)
+

p‖(p‖ − p⊥)

n
κ + 2mqB‖(b · ∇)u + m(q‖ − qB‖)b × ω

]
+ q̃B⊥ ,

where the m → 0 limit can be taken for the electrons.



The non-Maxwellian contributions q̃⊥ and q̃B⊥ to the perpendicular heat fluxes are:

q̃⊥ =
1

eB
b ×

[
∇r̃

(0)
⊥ + (r̃

(0)
‖ − r̃

(0)
⊥ )κ

]

and

q̃B⊥ =
1

eB
b ×

[
∇r̃

(0)
B⊥ + (r̃

(0)
‖ − 5r̃

(0)
B⊥)κ

]
,

where

r̃
(0)
⊥ = (m2/4)

∫
d3v |v − u|2

{
|v − u|2 − [b · (v − u)]2

} (
f̄ (0) − f2M

)
,

r̃
(0)
‖ = (m2/2)

∫
d3v |v − u|2 [b · (v − u)]2

(
f̄ (0) − f2M

)
,

r̃
(0)
B⊥ = (m2/4)

∫
d3v [b · (v − u)]2

{
|v − u|2 − [b · (v − u)]2

} (
f̄ (0) − f2M

)
.



DRIFT-KINETIC EVALUATION OF THE FLUID CLOSURES

* THE VARIABLES NEEDED FOR CLOSURE OF THE FLUID SYSTEM CAN BE

DERIVED FROM MOMENTS OF THE GYROPHASE-AVERAGED DISTRIBUTION

FUNCTIONS, f̄ , SATISFYING DRIFT-KINETIC EQUATIONS.

* THE VELOCITY MOMENTS OF f̄ NEEDED FOR THE FLUID CLOSURE ARE

EVALUATED MOST CONVENIENTLY IN THE MOVING FRAME OF THE FULL

MACROSCOPIC FLOW VELOCITY, u(x, t).

* FOR SONIC-SCALE DYNAMICS WITH LARGE PERPENDICULAR FLOWS

AND ELECTRIC FIELDS (u⊥ ∼ vthι and E⊥ ∼ vthιB), THE ION DRIFT-KINETIC

EQUATION MUST BE DERIVED IN A MOVING FRAME CLOSE TO THE ELEC-

TRIC DRIFT VELOCITY uE(x, t) = E × B/B2, SUCH AS uE(x, t) ITSELF OR uι(x, t).



* TO DETERMINE THE COLLISIONAL TERMS IN A LOW-COLLISIONALITY

REGIME (νι
<∼ ω∗) AND THE PERPENDICULAR HEAT FLUX CLOSURE TERMS

q̃α⊥ AND q̃αB⊥ WITHIN THE REQUIRED ACCURACY, ONLY THE LOWEST-ORDER

OR ZERO-LARMOR-RADIUS DISTRIBUTION FUNCTIONS f̄ = f̄ (0) ARE NEEDED.

* TO DETERMINE THE PRESSURES AND THE PARALLEL HEAT FLUXES (OR

THE COEFFICIENT FUNCTIONS IN THEIR FLUID EVOLUTION EQUATIONS)

WITHIN THE REQUIRED ACCURACY, FIRST-ORDER FLR SOLUTIONS OF THE

DRIFT-KINETIC EQUATION, f̄ = f̄ (0) + f̄ (1), ARE NECESSARY.



THE DRIFT-KINETIC EQUATION FOR THE GYROPHASE-AVERAGED f̄ IS OB-

TAINED BY EXPLOITING THE FACT THAT (e/m) (v × B) · ∂f (v,x, t)/∂v IS THE

DOMINANT TERM IN THE VLASOV-BOLTZMANN EQUATION FOR A MAGNE-

TIZED PLASMA COMPONENT:

∂f (v,x, t)

∂t
+ v · ∂f (v,x, t)

∂x
+

e

m

(
E + v × B

)
· ∂f (v,x, t)

∂v
=

∑
s

C(f, fs) .

THIS REQUIRES WORKING IN A REFERENCE FRAME WHERE THE ELECTRIC

FIELD IS SUFFICIENTLY SMALL (E � vthB). SINCE E‖ IS ALWAYS SMALL, THIS

CAN BE ACHIEVED WITH AN APPROPRIATE GALILEAN BOOST .



CONSIDER, FOR SIMPLICITY, THE COLLISIONLESS LIMIT AND TRANSFORM

THE VLASOV-BOLTZMANN EQUATION TO A REFERENCE FRAME MOVING

WITH VELOCITY u(x, t) RELATIVE TO THE LABORATORY:

t = t , x = x , v′ = v − u(x, t) ,

∂f (v′,x, t)

∂t
+ (v′ + u) · ∂f (v′,x, t)

∂x
+

[
Ωcv

′ × b +
F

mn
− (v′ · ∇)u

]
· ∂f (v′,x, t)

∂v′ = 0 ,

with

F(x, t) = en(E + u × B) − mn
[∂u

∂t
+ (u · ∇)u

]
.

Here u(x, t) is arbitrary, provided only F/(mn) � Ωcvth.



POSSIBLE CHOICES FOR u(x, t) AND F(x, t) = en(E + u × B) − mn[∂u/∂t + (u · ∇)u]:

1.) IF E � vthB , u = 0 AND F = enE

2.) u = uE = E × B/B2 AND F = enE‖b − mn[∂uE/∂t + (uE · ∇)uE]

3.) u = n−1 ∫
d3v v f AND F = ∇ · P = ∇ · (PCGL + Pgyr)



CHANGE VARIABLES TO A CYLINDRICAL COORDINATE SYSTEM IN VELOC-

ITY SPACE, LOCALLY ALIGNED WITH THE MAGNETIC FIELD:

t = t , x = x , v′ = v′‖ b(x, t) + v′⊥ [cos α e1(x, t) + sin α e2(x, t)] ,

Ωc

∂f (v′‖, v
′
⊥, α,x, t)

∂α
=

2∑
l=−2

eilα
[
Λl f + λl

∂f

∂α

]
,

WHERE Λl(∂/∂v′‖, ∂/∂v′⊥, ∂/∂x, ∂/∂t, v′‖, v
′
⊥,x, t) = Λ∗

−l ARE GYROPHASE-INDEPENDENT

OPERATORS AND λl(v
′
‖, v

′
⊥,x, t) = λ∗

−l ARE GYROPHASE-INDEPENDENT FUNC-

TIONS.



Specifically,

Λ0 =
∂

∂t
+ (u + v′‖b) · ∂

∂x
+

{b · F
mn

− v′‖b · [(b · ∇)u] +
v
′2
⊥
2
∇ · b

} ∂

∂v′‖
+

+
v′⊥
2

{
b · [(b · ∇)u] −∇ · u − v′‖∇ · b

} ∂

∂v′⊥
,

Λ1 =
v′⊥
2

(e1 − ie2) ·
∂

∂x
+

v′⊥
2

(e1 − ie2) ·
[∂b

∂t
+ (u · ∇)b − (b · ∇)u − b × ω + v′‖κ

] ∂

∂v′‖
+

+
1

2
(e1 − ie2) ·

{ F

mn
− v′‖

[∂b

∂t
+ (u · ∇)b + (b · ∇)u + v′‖κ

]} ∂

∂v′⊥
,

Λ2 =
iv

′2
⊥

4
(e1 − ie2) ·

[
∇× (e1 − ie2)

] ∂

∂v′‖
−

− v′⊥
4

(e1 − ie2) ·
{
[(e1 − ie2) · ∇]u + iv′‖ ∇ × (e1 − ie2)

} ∂

∂v′⊥
,



λ0 =
1

2

{
e1 ·

[∂e2

∂t
+ (u · ∇)e2 + (e2 · ∇)u + v′‖(b · ∇)e2

]
−

− e2 ·
[∂e1

∂t
+ (u · ∇)e1 + (e1 · ∇)u + v′‖(b · ∇)e1

]
− v′‖b · (∇× b)

}
,

λ1 =
i

2v′⊥
(e1 − ie2) ·

{ F

mn
− v′‖

[∂b

∂t
+ (u · ∇)b + (b · ∇)u + v′‖κ

]}
− v′⊥

2
b ·

[
∇× (e1 − ie2)

]
,

λ2 = − i

4
(e1 − ie2) ·

{
[(e1 − ie2) · ∇]u + iv′‖ ∇ × (e1 − ie2)

}
.



Using Faraday’s law, with the definition of F to solve for the electric field:

Λ1 =
v′⊥
2

(e1 − ie2) ·
∂

∂x
+

v′⊥
2

(e1 − ie2) · Z
∂

∂v′‖
+

1

2
(e1 − ie2) ·

( F

mn
− v′‖ Y

) ∂

∂v′⊥

and

λ1 =
i

2v′⊥
(e1 − ie2) ·

( F

mn
− v′‖Y

)
− v′⊥

2
b ·

[
∇× (e1 − ie2)

]
,

where

Z(v′‖,x, t) = −b × ω + v′‖κ − 1

Ωc
∇×

[ F

mn
+

∂u

∂t
+ (u · ∇)u

]

and

Y(v′‖,x, t) = 2(b · ∇)u + v′‖κ − 1

Ωc
∇×

[ F

mn
+

∂u

∂t
+ (u · ∇)u

]



FOURIER SERIES SOLUTION IN HARMONICS OF THE GYROFREQUENCY:

Ωc

∂f (v′‖, v
′
⊥, α,x, t)

∂α
=

2∑
l=−2

eilα
[
Λl f + λl

∂f

∂α

]
,

f (v′‖, v
′
⊥, α,x, t) =

∞∑
l=−∞

eilα fl(v
′
‖, v

′
⊥,x, t) [f0 ≡ f̄ ] ,

fl =
1

ilΩc

2∑
l′=−2

[
Λl′fl−l′ + i(l − l′)λl′fl−l′

]
for l �= 0

and

2∑
l=−2

(
Λlf−l − ilλlf−l

)
= 0 .



RECURSIVE SOLUTION FOR STRONG MAGNETIZATION:

f0 = f
(0)
0 + f

(1)
0 + ... , f±1 = f

(1)
±1 + ... , f±2 = f

(1)
±2 + ... , ...

Λ0f
(0)
0 = 0 ,

f
(1)
1 = f

(1)∗
−1 =

1

iΩc
Λ1f

(0)
0 , f

(1)
2 = f

(1)∗
−2 =

1

2iΩc
Λ2f

(0)
0 ,

(Λ−2 + 2iλ−2)f
(1)
2 + (Λ−1 + iλ−1)f

(1)
1 + Λ0f

(1)
0 + (Λ1 − iλ1)f

(1)
−1 + (Λ2 − 2iλ2)f

(1)
−2 = 0 .

Substituting the solutions for f
(1)
±1 and f

(1)
±2 :

Λ0(f
(0)
0 + f

(1)
0 ) − 1

iΩc

{[
(Λ1 − iλ1)Λ−1 − (Λ−1 + iλ−1)Λ1

]
+

[
(
1

2
Λ2 − iλ2)Λ−2 − (

1

2
Λ−2 + iλ−2)Λ2

]
−

− v′⊥
2

[
(e1 − ie2) · ∇ ln B Λ−1 − (e1 + ie2) · ∇ ln B Λ1

]}
f

(0)
0 = 0 .



EVALUATION OF COMMUTATORS:

1

iΩc

[
(Λ1 − iλ1)Λ−1 − (Λ−1 + iλ−1)Λ1

]
=

1

Ωc

{
b ×

( F

mn
− v′‖Y

)
− v

′2
⊥
2

[b · (∇× b)] b
}
· ∂

∂x
+

+
1

Ωc

{[
b ×

( F

mn
− v′‖Y

)]
· Z +

v
′2
⊥
2
∇ · (Z × b)

} ∂

∂v′‖
+

v′⊥
2Ωc

{(
b × κ

)
·

( F

mn
− v′‖Y

)
+ ∇ ·

[( F

mn
− v′‖Y

)
× b

]
+

[
b ×

(
Y + v′‖κ

)]
· Z

} ∂

∂v′⊥
,

1

iΩc

[
(
1

2
Λ2 − iλ2)Λ−2 − (

1

2
Λ−2 + iλ−2)Λ2

]
=

v
′2
⊥
2

σ
∂

∂v′‖
,

v′⊥
2iΩc

[
(e1 − ie2) · ∇ ln B Λ−1 − (e1 + ie2) · ∇ ln B Λ1

]
=

v
′2
⊥

2Ωc
(b ×∇ ln B) · ∂

∂x
+

+
v
′2
⊥

2Ωc

[
(b ×∇ ln B) · Z

] ∂

∂v′‖
+

v′⊥
2Ωc

[
(b ×∇ ln B) ·

( F

mn
− v′‖Y

)] ∂

∂v′⊥
,

ALL INDEPENDENT OF (e1 , e2).



FINAL FORM OF THE COLLISIONLESS FLR DRIFT-KINETIC EQUATION:

∂f̄ (v′‖, v
′
⊥,x, t)

∂t
+ ẋ · ∂f̄

∂x
+ v̇′‖

∂f̄

∂v′‖
+ v̇′⊥

∂f̄

∂v′⊥
= 0 ,

with the coefficient functions:

ẋ = u + v′‖b +
v′2⊥
2
∇× b

Ωc
− b

Ωc
×

[ F

mn
− 2v′‖(b · ∇)u −

(
v′2‖ − v′2⊥

2

)
κ

]
,

v̇′‖ =
b · F
mn

− v′‖b · [(b · ∇)u] − v′2⊥
2

b · ∇ ln B +
v′2⊥
2
∇ ·

[ b

Ωc
× (ω × b + v′‖κ)

]
+

+
[ b

Ωc
× (ω × b + v′‖κ)

]
·

[ F

mn
− 2v′‖(b · ∇)u − v′2‖ κ

]
− v′2⊥

2
σ ,

v̇′⊥ =
v′⊥
2

{
b · [(b · ∇)u] −∇ · u + v′‖b · ∇ ln B + ∇ ·

[ b

Ωc
×

( F

mn
− 2v′‖(b · ∇)u − v′2‖ κ

)]
+

+ 2
[ b

Ωc
× (ω × b)

]
·

[
(b · ∇)u + v′‖κ

]
−

( b

Ωc
× κ

)
·

[ F

mn
− 4v′‖(b · ∇)u

]}
.



FOR SMALL-MASS ELECTRONS AND USING AS PHASE-SPACE VARIABLES

THE MOVING FRAME KINETIC ENERGY ε′ = me(v
′2
‖ + v′2⊥)/2 AND MAGNETIC

MOMENT µ′ = mev
′2
⊥/(2B) :

∂f̄e(ε
′, µ′,x, t)

∂t
+ ẋ · ∂f̄e

∂x
+ ε̇′

∂f̄e

∂ε′
+ µ̇′ ∂f̄e

∂µ′ = 0 ,

where

ẋ =
[
2(ε′ − µ′B)/me

]1/2
b + µ′B ∇× b

meΩce
− b

meΩce
×

[F
n
− (2ε′ − 3µ′B)κ

]
+ u ,

ε̇′ =
[
2(ε′ − µ′B)/me

]1/2 b · F
n

+ µ′B ∇ ·
( b

meΩce
× F

n

)
−

− (2ε′ − 3µ′B)
( b

meΩce
× F

n

)
· κ − µ′B ∇ · u − (2ε′ − 3µ′B)b · [(b · ∇)u] ,

µ̇′ =
µ′

meΩce

{
[b · (∇× b)]

[
b ·

(F
n
− µ′∇B

)]
+ 2(ε′ − µ′B)b · (∇× κ)

}
.



FOR SMALL-MASS ELECTRONS WITH ue ∼ uι
<∼ vthι � vthe, THE DRIFT-KINETIC

ANALYSIS CAN BE CARRIED OUT IN THE LABORATORY FRAME. THEN, SET-

TING u = 0,F = −enE AND USING AS PHASE-SPACE VARIABLES THE LABORA-

TORY FRAME ε = m(v2
‖ + v2

⊥)/2 AND µ = mv2
⊥/(2B), ONE GETS:

∂f̄e(ε, µ,x, t)

∂t
+ ẋ · ∂f̄e

∂x
+ ε̇

∂f̄e

∂ε
+ µ̇

∂f̄e

∂µ
= 0 ,

where

ẋ =
[
2(ε − µB)/me

]1/2
b + µB ∇× b

meΩce
+

b

meΩce
×

[
eE + (2ε − 3µB)κ

]
,

ε̇ = −
[
2(ε − µB)/me

]1/2
eb · E + µB ∇ ·

( b

B
× E

)
− (2ε − 3µB)

( b

B
× E

)
· κ ,

µ̇ =
µ

meΩce

{
− [b · (∇× b)]

[
b ·

(
eE + µ∇B

)]
+ 2(ε − µB)b · (∇× κ)

}
,

in agreement with the conventional analysis [Hazeltine, Plasma Phys. 15, 77 (1973)].



MOMENTS OF THE DRIFT-KINETIC EQUATION

IN ORDER TO OBTAIN FLUID EQUATIONS FOR THE CGL VARIABLES BY TAK-

ING MOMENTS OF THE DRIFT-KINETIC EQUATION, IT IS MOST ADVANTA-

GEOUS TO WORK IN THE MACROSCOPIC FLOW REFERENCE FRAME.

THEREFORE, SET u = n−1 ∫
d3v v f AND F = ∇ · P

IN THE COEFFICIENT FUNCTIONS OF THE DRIFT-KINETIC EQUATION, ONE

NEEDS TO EVALUATE:

b × F

Ωc
=

b × (∇ · PCGL)

Ωc
=

1

Ωc

[
b ×∇p⊥ + (p‖ − p⊥)b × κ

]

and

b · F = b · [∇ · (PCGL + Pgyr)] = b · ∇p‖ − (p‖ − p⊥)b · ∇ ln B +

+ ∇ ·
{ 1

Ωc
b ×

[
2p‖(b · ∇)u + p⊥b × ω + ∇(q‖ − qB‖) + 2(2qB‖ − q‖)κ

]}
+

+
b × κ

Ωc
·

[
2p‖(b · ∇)u + p⊥b × ω + ∇(q‖ − qB‖)

]}
+ p⊥σ .



TAKING THE 1, v′‖, v
′2
‖ , v

′2
⊥, v

′3
‖ , v′‖v

′2
⊥ MOMENTS OF THE FLR DRIFT-KINETIC

EQUATION, ONE GETS:

∂n

∂t
+ ∇ · (nu) = 0 ,

∫
d3v′ v′‖ f̄ = 0 ,

TWO PRESSURE EVOLUTION EQUATIONS IDENTICAL TO THOSE OBTAINED

FROM THE MOMENTS OF THE VLASOV EQUATION AND SHOWN EARLIER.

TWO PARALLEL HEAT FLUX EVOLUTION EQUATIONS IDENTICAL TO THOSE

OBTAINED FROM THE MOMENTS OF THE VLASOV EQUATION [Ramos, Phys.

Plasmas 12, 052102 (2005)].





A FINITE-LARMOR-RADIUS FORM OF THE DRIFT-KINETIC EQUATION HAS

BEEN DERIVED, SUITABLE FOR DETERMINATION OF THE FLUID CLOSURES

* ACCURATE TO THE FIRST FLR ORDER IN THE FAST DYNAMICS ORDER-

ING AND VALID FOR SONIC MACROSCOPIC FLOWS.

* USE OF THE FULL MACROSCOPIC FLOW VELOCITY, u(x, t), TO DEFINE

THE MOVING FRAME. EXACT ALGEBRAIC ELIMINATION OF THE ELECTRIC

FIELD AND NO REFERENCE TO uE OR ANY OTHER DRIFTS.

* FORMULATION IN TERMS OF THE STANDARD MHD VARIABLES (MACRO-

SCOPIC FLOW VELOCITY AND MAGNETIC FIELD).

* VELOCITY MOMENTS REPRODUCE ALL THE PREVIOUSLY DERIVED FLUID

RESULTS, INCLUDING THE HIGHER-MOMENT FLR RESULTS.
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I. INTRODUCTION: SCOPE OF THE WORK

FINITE-LARMOR-RADIUS, TWO-FLUID EQUATIONS TO DESCRIBE MACRO-

SCOPIC DYNAMICS IN MAGNETIZED PLASMAS (EXTENDED MHD):

L ∼ ρι/δ � ρι , ω∗ ∼ δ2Ωcι
<∼ ∂/∂t <∼ ωs ∼ δΩcι

RIGOROUS FLUID CLOSURE ONLY AT HIGH COLLISIONALITY.

IN LOW-COLLISIONALITY REGIMES, THE FLUID MOMENTS OF THE KI-

NETIC EQUATION STILL PROVIDE A GOOD APPROXIMATION FOR THE PER-

PENDICULAR DYNAMICS.

HYBRID APPROACH: EXPLOIT THE FLUID MOMENT INFORMATION TO

THE MAXIMUM, TO BE COMPLEMENTED BY A KINETIC EVALUATION OF

THE UNAVAILABLE CLOSURE TERMS.



NOTEWORTHY FEATURES

GENERAL GEOMETRY AND INHOMOGENEOUS MAGNETIC FIELDS.

FULLY NONLINEAR. ARBITRARY FLUCTUATION AMPLITUDES.

FULLY ELECTROMAGNETIC.

FAR-FROM-MAXWELLIAN DISTRIBUTION FUNCTIONS ALLOWED.

EITHER FAST (SONIC) OR SLOW (DIAMAGNETIC DRIFT) ORDERINGS.

DIAMAGNETIC EFFECTS FOR ARBITRARY DENSITY AND TEMPERATURES.



WORKING ASSUMPTIONS IN THE APPLICATIONS TO BE PRESENTED

MACROSCOPIC PHYSICS IN MAGNETIZED PLASMAS: δ ∼ ρι/L � 1.

ORDERING OF TIME DERIVATIVES LINKED TO MEAN FLOW VELOCITIES

THROUGH ∂/∂t ∼ uα/L, with δvthι
<∼ uι ∼ ue

<∼ vthι.

QUASINEUTRALITY WITH SINGLE ION SPECIES: nι = ne = n.

SMALL MASS RATIO: (me/mι)
1/2 <∼ δ.

LOW COLLISIONALITY: νι/Ωcι
<∼ δ (me/mι)

1/2, or vthι/νι ∼ vthe/νe
>∼ (mι/me)

1/2L.

COMPARABLE PRESSURES. ARBITRARY ANISOTROPIES: pι ∼ pe ∼ (pα‖ − pα⊥).



II. GENERAL FLUID FORMALISM

THE RESULTS GIVEN IN THIS SECTION ARE EXACT WITHOUT APPROXI-

MATIONS AND VALID FOR EACH SPECIES INDEPENDENTLY.

ASSUME ONLY THE UNDERLYING KINETIC DESCRIPTION:

∂f (v,x, t)

∂t
+ vj

∂f (v,x, t)

∂xj
+

e

m
(Ej + εjklvkBl)

∂f (v,x, t)

∂vj
= C(v,x, t),

WHERE C(v,x, t) IS THE COMPLETE FOKKER-PLANK COLLISION OPERATOR.



DEFINE THE FOLLOWING FLUID MOMENTS:

n(x, t) =
∫

d3v f (v,x, t),

n(x, t) uj(x, t) =
∫

d3v vj f (v,x, t),

Pjk(x, t) = m
∫

d3v (vj − uj)(vk − uk) f (v,x, t),

Qjkl(x, t) = m
∫

d3v (vj − uj)(vk − uk)(vl − ul) f (v,x, t),

Rjklm(x, t) = m2
∫

d3v (vj − uj)(vk − uk)(vl − ul)(vm − um) f (v,x, t) =
1

n
P[jk Plm] + R̃jklm(x, t),

F coll
j (x, t) = m

∫
d3v (vj − uj) C(v,x, t),

Gcoll
jk (x, t) = m

∫
d3v (vj − uj)(vk − uk) C(v,x, t),

Hcoll
jkl (x, t) = m

∫
d3v (vj − uj)(vk − uk)(vl − ul) C(v,x, t).



TAKING THE VELOCITY MOMENTS OF THE KINETIC EQUATION:

∂n

∂t
+

∂(nuj)

∂xj
= 0,

mn
(∂uj

∂t
+ uk

∂uj

∂xk

)
+

∂Pjk

∂xk
− en(Ej + εjklukBl) − Fcoll

j = 0,

∂Pjk

∂t
+

∂

∂xl

(
Pjkul + Qjkl

)
+

∂u[j

∂xl
Plk] − e

m
ε[jlmBmPlk] − Gcoll

jk = 0,

∂Qjkl

∂t
+

∂

∂xm

(
Qjklum +

1

m
R̃jklm

)
+

∂u[j

∂xm
Qmkl] − e

m
ε[jmnBnQmkl] +

+
1

m
P[jm

∂

∂xm

( 1

n
Pkl]

)
+

1

mn
Fcoll

[j Pkl] − Hcoll
jkl = 0.



FORMAL SOLUTION FOR THE STRESS TENSOR

Pjk = p⊥δjk + (p‖ − p⊥)bjbk + P̂jk = PCGL
jk + P̂jk

with p = (p‖ + 2p⊥)/3 and P̂jj = P̂jkbjbk = 0 .

Then,

3

2

[∂p

∂t
+

∂(puj)

∂xj

]
+ Pjk

∂uj

∂xk
+

∂qj

∂xj
− gcoll = 0 ,

1

2

[∂p‖
∂t

+
∂(p‖uj)

∂xj

]
− Pjkbj

[∂bk

∂t
+ ul

∂bk

∂xl
− bl

∂ul

∂xk

]
+

∂qBj

∂xj
− Qjklbj

∂bk

∂xl
− gcoll

B = 0 ,

and

P̂jk =
1

4
ε[jlmblKmn(δnk] + 3bnbk])

with Kjk =
m

eB

[∂Pjk

∂t
+

∂

∂xl

(
Pjkul + Qjkl

)
+

∂u[j

∂xl
Plk] − Gcoll

jk

]
.



A COMPLETELY ANALOGOUS FORMAL SOLUTION IS OBTAINED FOR THE

STRESS-FLUX TENSOR:

Qjkl = qT‖δ[jkbl] + (2qB‖ − 3qT‖)bjbkbl + Q̂jkl = QCGL
jkl + Q̂jkl

with q‖ = qB‖ + qT‖ and Q̂jkkbj = Q̂jklbjbkbl = 0 .

∂q‖
∂t

+
∂(q‖uj)

∂xj
− qj

[∂bj

∂t
+ uk

∂bj

∂xk
− bk

∂uk

∂xj

]
+ Qjklbj

∂uk

∂xl
+

1

m
Pjkbl

∂

∂xj

(3p

2n
δkl +

1

n
Pkl

)
+

+
1

2m
bj

∂R̃jkll

∂xk
+

1

mn
bjF

coll
k

(3p

2
δjk + Pjk

)
− hcoll = 0 ,

etc.

THE TENSOR R̃jklm AND THE COLLISIONAL MOMENTS ARE THE KINETIC

CLOSURE VARIABLES.



III. TWO-FLUID SYSTEM FOR FAST (SONIC) DYNAMICS

IN A SINGLE-ION QUASINEUTRAL PLASMA:

ne = nι = n ,

∂n

∂t
+ ∇ · (nuι) = 0 ,

ue = uι − 1

en
j ,

j = ∇× B ,

∂B

∂t
+ ∇× E = 0 .

CONSIDER NOW THE FAST ORDERING ∂/∂t ∼ uα/L ∼ vthι/L, with L ∼ L⊥ ∼ L‖.



ELECTRON MOMENTUM EQUATION, KEEPING O(vthιB) + O(δvthιB):

E = −uι × B +
1

en

(
j × B −∇ · PCGL

e

)
,

with

∇ · PCGL
α = ∇pα⊥ + (B · ∇)

(pα‖ − pα⊥
B2

B
)

.

THE PARALLEL ELECTRIC FIELD IS AVAILABLE TO O(δvthιB) + O(δ2vthιB):

E‖ =
1

en

[
−b · ∇pe‖ + (pe‖ − pe⊥)b · ∇(ln B) + Fcoll

e‖
]
,

with

Fcoll
e‖ = − νepevthe

n

∫
d3v

b · (v − ue)

|v − ue|3
f (0)

e (v) ∼ νepe/vthe
<∼ δ pe/L .



SUM OF THE ION AND ELECTRON MOMENTUM EQUATIONS,

KEEPING O(mιnv2
thι/L) + O(δmιnv2

thι/L):

mιn
[∂uι

∂t
+ (uι · ∇)uι

]
+ ∇ ·

(
PCGL

e + PCGL
ι + P̂ι

)
− j × B = 0 ,

where

P̂ι,jk =
1

4
ε[jlmbl Kι,mn (δnk] + 3bnbk])

and

Kι,mn =
mι

eB

{
pι⊥

∂uι,n]

∂x[m
+

∂(qιT‖bn])

∂x[m
+ b[m

[
(2qιB‖ − 3qιT‖) κn] + 2(pι‖ − pι⊥) bl

∂uι,n]

∂xl

] }
,

with κ = (b · ∇)b.



FOR THE FIRST TERM OF THE ION GYROVISCOUS STRESS TENSOR,

P̂
1

ι,jk =
mιpι⊥
4eB

ε[jlmbl

(∂uι,n

∂xm
+

∂uι,m

∂xn

)
(δnk] + 3bnbk]) ,

ITS EXACT DIVERGENCE IS

∇ · P̂1

ι = −mιn(u∗ι · ∇)uι − ∇χι + (B · ∇)
{ χι

B2
B +

mιpι⊥
eB2

b × [3(b · ∇)uι + b × ωι]
}
−

− ∇×
{mιpι⊥

2eB

[
2(b · ∇)uι +

(
∇ · uι − 3b · [(b · ∇)uι]

)
b

]}
,

where

u∗ι = − 1

en
∇×

(pι⊥
B

b
)

, χι =
mιpι⊥
2eB

(b · ωι) and ωι = ∇× uι.

SIMILAR EXPRESSIONS ARE OBTAINED FOR THE OTHER GYROVISCOSITY

TERMS.



ION AND ELECTRON PRESSURE EQUATIONS, KEEPING O(pαvthι/L)+O(δpαvthι/L):

3

2

[∂pα

∂t
+ ∇ ·

(
pαuα

)]
+ pα∇ · uα + (pα‖ − pα⊥)

{
b ·

[
(b · ∇)uα

]
−∇ · uα/3

}
+ ∇ ·

(
qα‖b

)
+

+ P̂α : (∇uα) + ∇ · qα⊥ = 0 ,

1

2

[∂pα‖
∂t

+ ∇ ·
(
pα‖uα

)]
+ pα‖b ·

[
(b · ∇)uα

]
+ ∇ ·

(
qαB‖b

)
+ qαT‖b · ∇(ln B) +

+ b · P̂α · (b × ωα) + ∇ · qαB⊥ − 2qαB⊥ · κ + qαT‖σα − gcoll
αB = 0 ,

where P̂e = 0, σe = 0,

gcoll
ιB =

νιpιvthι

n2

∫
d3v

|v − uι|2 − 3[b · (v − uι)]
2

2|v − uι|3
∫

d3w f (0)
ι (v + w) f (0)

ι (w) ∼ νι(pι‖ − pι⊥)

and

gcoll
eB =

νepevthe

n

∫
d3v

|v − ue|2 − 3[b · (v − ue)]
2

2|v − ue|3
[
f (0)

e (v) +
1

n

∫
d3w f (0)

e (v + w) f (0)
e (w)

]
∼ νe(pe‖ − pe⊥) .



CONTRIBUTIONS OF THE PERPENDICULAR STRESS-FLUX TENSORS TO

THE PRESSURE EQUATIONS:

qe⊥ = − 1

eB
b ×

[
pe⊥∇

(pe‖ + 4pe⊥
2n

)
+

pe‖(pe‖ − pe⊥)

n
κ

]
+ q̃e⊥ ,

qeB⊥ = − 1

eB
b ×

[
pe⊥∇

(pe‖
2n

)
+

pe‖(pe‖ − pe⊥)

n
κ

]
+ q̃eB⊥ ,

qι⊥ =
1

eB
b ×

[
pι⊥∇

(pι‖ + 4pι⊥
2n

)
+

pι‖(pι‖ − pι⊥)

n
κ + 2mι(qιB‖ + 2qιT‖)(b · ∇)uι + mιqιT‖b × ωι

]
+ q̃ι⊥ ,

qιB⊥ =
1

eB
b ×

[
pι⊥∇

(pι‖
2n

)
+

pι‖(pι‖ − pι⊥)

n
κ + 2mιqιB‖(b · ∇)uι + mιqιT‖b × ωι

]
+ q̃ιB⊥

and

qιT‖σι = qιT‖
mι

4eB
εjklbj

( ∂bk

∂xm
+

∂bm

∂xk

)
(δmn − bmbn)

(∂uι,l

∂xn
+

∂uι,n

∂xl

)
.



IV. KINETIC DETERMINATION OF THE FLUID CLOSURES

1.) THE UNKNOWN TERMS NEEDED TO CLOSE THE TWO-FLUID SYSTEM

CAN BE DERIVED FROM MOMENTS OF THE GYROPHASE-AVERAGED f̄α.

2.) THE VELOCITY MOMENTS OF f̄α NEEDED FOR THE FLUID CLOSURE

ARE EVALUATED MOST CONVENIENTLY IN THE MOVING FRAME OF THE

FULL MACROSCOPIC FLOW VELOCITY, uα(x, t).

3.) FOR THE FAST DYNAMICS UNDER CONSIDERATION, WITH LARGE PER-

PENDICULAR ELECTRIC FIELDS E⊥ ∼ vthιB, THE DRIFT-KINETIC EQUATION

MUST BE DERIVED IN A MOVING FRAME CLOSE TO THE ELECTRIC DRIFT

VELOCITY uE(x, t) = E × B/B2, SUCH AS uE(x, t) ITSELF OR uα(x, t).



4.) TO DETERMINE THE COLLISIONAL MOMENTS AND THE PERPENDIC-

ULAR HEAT FLUX CLOSURE TERMS q̃α⊥ AND q̃αB⊥ WITHIN THE REQUIRED

ACCURACY, ONLY THE LOWEST-ORDER OR ZERO-LARMOR-RADIUS DISTRI-

BUTION FUNCTIONS f̄α = f̄ (0)
α ARE NEEDED.

5.) TO DETERMINE THE PARALLEL HEAT FLUXES (OR THE COEFFICIENT

FUNCTIONS IN THEIR EVOLUTION EQUATIONS) WITHIN THE REQUIRED

ACCURACY, FIRST-ORDER FLR SOLUTIONS OF THE DRIFT-KINETIC EQUA-

TION, f̄α = f̄ (0)
α + f̄ (1)

α , ARE NECESSARY.



A FINITE-LARMOR-RADIUS FORM OF THE DRIFT-KINETIC EQUATION HAS

BEEN DERIVED, SUITABLE FOR DETERMINATION OF THE FLUID CLOSURES

* ACCURATE TO THE FIRST FLR ORDER IN THE FAST DYNAMICS ORDER-

ING AND VALID FOR SONIC MACROSCOPIC FLOWS.

* USE OF THE FULL MACROSCOPIC FLOW VELOCITY, uα(x, t), TO DEFINE

THE MOVING FRAME. EXACT ALGEBRAIC ELIMINATION OF THE ELECTRIC

FIELD AND NO REFERENCE TO uE OR ANY OTHER DRIFTS.

* FORMULATION IN TERMS OF THE STANDARD MHD VARIABLES (MACRO-

SCOPIC FLOW VELOCITY AND MAGNETIC FIELD).

* VELOCITY MOMENTS REPRODUCE ALL THE PREVIOUSLY DERIVED FLUID

RESULTS, INCLUDING THE HIGHER-MOMENT FLR RESULTS.



FINITE-LARMOR-RADIUS, ”DRIFTLESS” DRIFT-KINETIC EQUATION

∂f̄ (v′‖, v
′
⊥,x, t)

∂t
+ ẋ · ∂f̄

∂x
+ v̇′‖

∂f̄

∂v′‖
+ v̇′⊥

∂f̄

∂v′⊥
=

Dcollf̄

Dt
,

with the coefficient functions:

ẋ = u + v′‖b +
v′2⊥
2
∇× b

Ωc
− b

Ωc
×

[∇ · P
mn

− 2v′‖(b · ∇)u −
(
v′2‖ − v′2⊥

2

)
κ

]
,

v̇′‖ =
b · (∇ · P)

mn
− v′‖b · [(b · ∇)u] − v′2⊥

2
b · ∇ ln B +

v′2⊥
2
∇ ·

[ b

Ωc
× (ω × b + v′‖κ)

]
+

+
[ b

Ωc
× (ω × b + v′‖κ)

]
·

[∇ · P
mn

− 2v′‖(b · ∇)u − v′2‖ κ
]
− v′2⊥

2
σ ,

v̇′⊥ =
v′⊥
2

{
b · [(b · ∇)u] −∇ · u + v′‖b · ∇ ln B + ∇ ·

[ b

Ωc
×

(∇ · P
mn

− 2v′‖(b · ∇)u − v′2‖ κ
)]

+

+ 2
[ b

Ωc
× (ω × b)

]
·

[
(b · ∇)u + v′‖κ

]
−

( b

Ωc
× κ

)
·

[∇ · P
mn

− 4v′‖(b · ∇)u
]}

.





V. REDUCED TWO-FLUID SYSTEM FOR SLOW (DRIFT)

DYNAMICS

A WIDELY USED ORDERING FOR SLOW DYNAMICS ON THE DIAMAGNETIC

DRIFT SCALE IS:

∂/∂t ∼ ω∗α ∼ δ2 Ωci ,

uα ∼ u∗α ∼ δ vthi .

CONSISTENT IMPLEMENTATION OF THIS DRIFT ORDERING REQUIRES EI-

THER A SECOND-ORDER-ACCURATE EVALUATION OF THE CGL PRESSURES

[i.e. pι‖,⊥ = O(mιnv2
thι) + O(δ2mιnv2

thι) WHICH CAN ONLY BE ACCOMPLISHED KI-

NETICALLY], OR THE INTRODUCTION OF A SMALL PARALLEL GRADIENT

[b · ∇ = O(δ2/L)] SUBSIDIARY ORDERING.



DRIFT-ORDERED TWO-FLUID REDUCED SYSTEM WITH ∇‖ ∼ δ2/L

Reduced fluid systems are characterized by:

Separate parallel and perpendicular length scales in large aspect ratio geometry.

Subsidiary expansion parameter ε ∼ L⊥/L‖ ∼ k‖/k⊥ � 1 besides δ ∼ ρι/L⊥ � 1.

Weakly inhomogeneous magnetic field ( ||∇B|| ∼ B/L‖).

Elimination of the fast magnetosonic wave.

Carry out one such reduction of our low-collisionality two-fluid equations, assumming:

Slow dynamics, with drift-ordered particle and heat flows:

∂/∂t ∼ δ2 Ωcι , uα‖ ∼ uα⊥ ∼ δ vthι , qα‖ ∼ qα⊥ ∼ δ vthι pα .

Weakly inhomogenous magnetic field and small parallel gradient ordering in a

large aspect ratio toroidal background geometry, with β ∼ ε ∼ δ2:

ε ∼ (R − R0)/R0 ∼ L⊥/L‖ ∼ δ2 , k‖ ∼ b · ∇ ∼ eζ · ∇ ∼ 1/R0 ∼ εk⊥ ,

B = B0eζ + B1 , |B1| ∼ εB0 , pι ∼ pe ∼ (pα‖ − pα⊥) ∼ εB2
0 .



TWO-FLUID REDUCED SYSTEM FEATURES

Valid for general density and temperature gradients and for arbitrary density and

temperature fluctuation amplitudes. Rigorous account of all the relevant diamagnetic

effects, in particular ion gyroviscosity and ion and electron perpendicular heat fluxes.

All dynamical fields advected by the leading-order uE drift: d′/dt = ∂/∂t + B−1
0 [Φ, ].

Parallel heat flux terms absent from the lowest-significant-order system, which is

formally closed except for the three collisional moments Fcoll
e‖ , gcoll

eB and gcoll
ιB .

Ion parallel velocity evolved by mιn d′uι‖/dt +∇‖(pι‖ + pe‖) = 0, decoupled from the rest.

Use of the parallel curl of the ion particle flux, W = B · [∇× (nuι)], as auxiliary variable

to determine the electric potential from the vorticity equation.



FINAL FORM OF THE TWO-FLUID REDUCED SYSTEM

The coupled system for the seven scalar fields n , pα‖ , pα⊥ , ψ and Φ , derived from the

continuity equation, the four pressure evolution equations and the parallel components

of the generalized Ohm’s law and the curl of the total momentum equation in their

lowest significant order, is:

d′n
dt

= 0 ,

1

2

d′pα‖
dt

− gcoll
αB = 0 ,

d′pα⊥
dt

+
(pα‖ − pα⊥

3eαB0n2

)
[n, pα⊥] + gcoll

αB = 0 ,

∂ψ

∂t
+ ∇‖Φ − 1

en
∇‖ pe‖ +

1

en
F coll

e‖ = 0 ,

∇⊥ · (n∇⊥Φ) = W − 1

e
∇2

⊥pι⊥ ,

d′W
dt

+
1

2B0
[|∇⊥Φ|2, n] +

B2
0

mι
∇‖(∇2

⊥ψ) +
1

eB0
[∇⊥Φ;∇⊥pι⊥] +

B0

mιR0
[R, (pι‖ + pι⊥ + pe‖ + pe⊥)] = 0.



HIGHLIGHTED FINITE-LARMOR-RADIUS RESULTS

LOW-COLLISIONALITY GYROVISCOSITY TENSOR FOR GENERAL FLOWS

AND ANISOTROPIC PRESSURES. EXACT EXPRESSION OF ITS DIVERGENCE.

PERPENDICULAR HEAT FLUXES FOR GENERAL FLOWS AND ANISOTROPIC

PRESSURES.

DYNAMIC EVOLUTION EQUATIONS FOR PARALLEL HEAT FLUXES.

DRIFT-KINETIC EQUATION IN THE MEAN FLOW REFERENCE FRAME.

REDUCED TWO-FLUID SYSTEM IN THE DIAMAGNETIC DRIFT DYNAMI-

CAL SCALE.




