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INTRODUCTION

A complete theoretical model of the electron dynamics for slow macroscopic plasma pro-
cesses (in particular the "neoclassical” tearing instabilities interacting with applied ECCD) will

be presented.

The model is a hybrid one, with fluid conservation equations for particle humber, momen-

tum and energy, and drift-kinetic closures.

Key to this work is a careful choice of the orderings relating fundamental parameters, aimed at
describing as realistically as possible the low-collisionality, fusion-relevant plasmas of interest.
The conventional ordering of the collisionality in neoclassical theory is deemed too high for
the ions, even in the banana regime. Instead, the orderings p,/L ~ L/ ~ (m./m,)"/? < 1
are adopted, which still yield a theory equivalent to the one based on the neoclassical banana

orderings for the electrons.
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BASIC FRAMEWORK AND ORDERING ASSUMPTIONS

Quasineutral plasma with one ion species of unit charge:

n,=mne.=n, uezuL—ij,
en
g—? + V- (nu,) = g—? + V-(nu,) = 0,
j = VxB, 88_]? = — VXE
Electron kinetic equation:
%{ N vgf( _ nie(EJrva)-g{f = Coolfor £+ Calfor £1) + STE(£2),

where C.. and C., are Fokker-Plank collision operators and S’/ is an external RF source of
momentum and energy: [d*v S®(f)=0.



Small ion Larmor radius fundamental expansion parameter:

dr~pJL~kp <1.

Small mass ratio and low collisionality orderings, linked to ¢:
(me/m)"? ~ 6, hence p./L ~ kp.~ &
and

v, ~ 0V, ~ 0%, , hence N~ Vit V) ~ Vghe Ve ~ 6 1L .

Macroscopic flows of the order of the diamagnetic drifts:

Uy, ~ Ue ~ Usye ™ 5Uth¢ ~ 52Uthe .

No further expansions based on geometrical or beta orderings:

LJ_/LH N]{H//{LNﬁNl .



Close to Maxwellian distribution functions with comparable ion and electron temperatures and

small parallel temperature gradients:

fo= 1 - v —ud th =T
s = fus + fnus = (2732 o, exXp e + fvms Wi Vins = Ts/ms
ths Uths

b°VT5N52 Ts/La TeNﬂa fNMLN(SfMM fNMeN52 fMe .

These ordering assumptions are compatible with a consistent solution of the kinetic equations.
The electron collision operators are C..(f., f.) ~ Co,(fo, f.) ~ *Vefare ~ 6 (Vine/ L) frre-
The RF source is assumed to be comparable to the collisions: S (f.) ~ &3 (v /L) fare-

Using ()., as reference, we have the following hierarchy of time scales:

O(6~ 2) 2 Qe = Vtne/ pe

O): Qo =v,/p. ~ Vine/ L

O0): Ve~ wa=kca~wg=kcg~vy,/L
O(6?) - ~ ke~ Wige = kg e

O(8%) :  collisional transport



FLUID AND DRIFT-KINETIC APPROACH

Non-Maxwellian parts of the distribution functions, fy);s, evaluated in the moving reference
frames of their macroscopic flows, like the Maxwellian parts.
2

1, v—u, and |v — u,|* velocity moments of fy,;; equal to zero.

Density, flow velocities and temperatures determined by fluid moment equations.
Solution of drift-kinetic equations for fy);; to provide the fluid closure terms. Since fys

are obtained in the reference frames of their macroscopic flows, the evaluation of the stress

and heat flux tensors is direct without the need of substracting the mean flows.



ELECTRON FLUID MOMENTUM EQUATION

Keeping O(nm.v3,./L) + O(dnmv3, /L) + O(8°nmevs,. /L) + O(8nmev, /L):

menag;;e = —en(E + u. xB) — V(nT,) — V- [(peH — Pey)(bb — I/B)] + Fol 4 FEE

O(nmevi./L) O(6* nmevpy, /L) O(6°nmevy,/L)

The closure variables to be determined kinetically are

me
D =) = o [d B (v = uP — v uPY S = OPmad,) + O nmad,)

FEO” = me/d3V (V — ue) Ceb(f€7fb) = O(égnmevghe)
and

Fi — m€/d3v (v —u,) ST(f) = O(&*nmnd,) .



ELECTRON FLUID TEMPERATURE EQUATION

Keeping O(d*nm.v3,, /L) + O(8*nmv3, /L):

3n 0T, 3n
?at = — 2u6'vTe - nTev'ue o v(qub o

nT,
2eB

b x VT€> + G+ G

0(52nmevfhe/[’) O<53nm€vfhe/[’>

The closure variables to be determined kinetically are

Me
g = " b (v vl fawe = O@nmad,) + O med,)

GOl = ”; [&v v —u? Colfer f) = O nmed, /L)
and

e

GEF — ”;“ [dv v —u* SFF(f.) = O(*nm.v},/L) .



KINETIC EQUATION FOR THE NON-MAXWELLIAN PART
OF THE ELECTRON DISTRIBUTION FUNCTION
In terms of the velocity-space coordinates (v),v,a) in the reference frame of the electron

macroscopic flow,
v = uxt) + vy b(x,t) + vV [cosa e(x,t) +sina exx,t)]

the non-Maxwellian part of the electron distribution function can be represented as
fvare(v) vl aox 1) = fyare(v), v/, x, 1) + fNMe(U",,vl,a,x, t)

with

<.]FNMe>oz = (271')_1de¥ fNMe =0 .

Then, keeping the accuracy of O(5*fy.) + O(5° fare):

mev'| [me
2¢BT, | T,

fave = fure (v‘/,2 +0'?) = 5| (cosar ey —sina e1) - VT,



and fx). obeys the following drift-kinetic equation:

Of e v Of N T 7 OfNue v v OfNMe
b - b.Vinn— Lb.-VinB —1b-VInB =
ot A ox i Me vinn 2 v A i 2 vin o',
U|/| Uﬂ 2 coll RF
— {QT 5—?( ” 20 T b- [§V(p€”—peL)—<pe||—peL)VlnB—F€ —F7 +
Me o 1 L [me coll RF
+ 6T6(2 P —07)(V-u,—3b-[(b-V)u]) + T [T (vff + ) — 3] V- (qqb) — G — GFF] +
263{ 2l D) - o o +v) + 5 (bx k) VT, +
m; oo 2
6 121 /
me

+ 5eBT. (20 = v7)(b x VInn) - VT, }fare +

+ (CO (fate frare) + C (favnte, fuie)ya + (CD(fares L)+ CP (favate, fur))a + (ST (fare))a

With the 1, v| and (v[* + v'?) moments of fy);. equal to zero, the 1, v| and (v’ +v7) moments

of this drift-kinetic equation are satisfied identically.



In polar coordinates, vj = v'cosx, v = v sinx:

_|_

Of N Ofvae 1o Of N e ' T. 2 Of N e
Jar + cosy [v'b - Jar +—b-Vinn Jaar _ X —b'Vlnn—v—b-VlnB Inu =
ot ox Me o’ v \me 2 ox

v mev” / 2 coll RF
= {COSX o 5— T b-VI. 4+ cosy T b- [§V(pe” — Pel) — (pe” —pd) VinB-F" —F,
+ Py(cos y) mev” (V-u, —3b-[(b-V)u]) + L (mea® g V- (gyb) — G — GRF] 4
COS . e J— . . e J— . e J— e JR— e
AT SnT. \ T, el
1 mov? (M. 2y o'
— 2P = ¢ 10— 15| (b - VT,
+ 663{ »(cos x) T ( T 5) + T 0 T + 15| (b x k) - VT, +
1 m ?}/2 m U’Q m2vl4 m 1}’2
—— |-P . -5 ¢ — 10— 15| (b In B) - VT,
t e n { 5 (cos x) T ( T ) + T2 T + 15| (bx VInB) VT, +
mev'
+ P(cos x) SeeBTe (b x Vinn)- VT, }fMe +

+ <C£§)(fMe7fNMe>+Cég)(fNMeane)>a + <Cé,,3)(fMeafL)+C(g?)(fNMeanA)>a + <SRF(fMe)>a .



COLLISIONAL TERMS

Based on the complete form of the linearized Fokker-Plank operators and using the electron
collision frequency definition

clelnln A,

v, =
2,3
drmzivy,

the gyrophase averaged collision operators that enter in the drift-kinetic equation are as follows:

; 3
(3) _ Pellte (Tz’_ ) i | Vthe v\ AT, ,
(Cei” (fates fi))a m \T. 1) fare(v') vl o . Sa(0)]| +
Ve]||[Vthe oo (V) Awu, N
5 Jue(v) | & — far (V)| v cos
ENVp, v Vthy n
where
_ 2 ) 1 do(z)
Pla) = (2%)1/2/0 dt exp(—t"/2) and {(x) = 2 p(x) —x o




(CO(fares Fnare) + CD(fxare, Fre)a + (CP(Fxare, far))a = Clfyue] is Legendre diagonal:

C | fi)Pleosx)| = % leosx) QAR
with
LA =~ fuel){4moh fit) = vanc®f )] + onElAW]) +
VeU? e, v/ ,0fi(v) v /
+ v’2h 8?/{§ (Uthe) Yo Ve filw) } -
e ] B I P R o I | P
the Uthe Uthy Uthy
and

,U/2 81}/

10 {U/Qacbﬁg}zl(u)]} B W;l) DR = —dm (o)

E[R[fl<v/>] _ v/202qle[fl<vl)]

80/2 ’

L0 pouli)] _ t

v"2 o' o’

VAW = A

,UIZ



The collisional moments in the fluid and drift-kinetic equations are:

Qmeye . Melen A7 3

Samied = @miie P X VE) = gmethe ) fuea() b = o(

3 2
peoll 0" nm Vi
coll._

L

2m.v.n S nm.vs
coll eVe eVihe
= —— (T, =T, = o TTeTihe |
G (2m)Y2m, ( ) ¥ ( L )



APPLICATION: STATIONARY AXISYMMETRIC SYSTEM

V-B=0, j=VxB, E=-Vd—-VVyp
V- (nu,)=V-(nu,) =0 u—u—i'
L) T e) 9 e L en.]
b-VT, = O(6*T./L) , b-VI, = O*T,/L) , T.—T < T.

en(E + u. x B) + V(nT}) + V- |(p, — per)(bb —1/3)] — F' = 0

—en(E + u, xB) + V(nT)) = 0O T,/L)

3n

SnT,
2ue-VT6 + nT,V-u + V- (qub o

2eB

beTe): 0



EXACT STATIONARY RELATIONS FROM CONTINUITY AND AXISYMMETRY

B = VY xVp + RB,Vyp
j = V(RB,) x Ve — A"V
1
u, = nV\IJL X Vo + Ru,,Vp
1
u, = gV\IJe X Vo + Ru.,Vp
RB, = e(V, —V¥,)

—A") = enR(u,, — Uey)



LOWEST-ORDER STATIONARY FLUID RELATIONS

The lowest-order stationary fluid system (valid on the MHD time scale ¢t < ¢ 'Q)_!) yields the

well known relations:

n=NO@), T,=TOW), ®=aOw)=0(T,/e), ¥, =vD)=0nvy,L"

From these, it follows that:

Vi - (bxk) = Vip- (bxVInB) = I(¢) b-VInB

b-[(b-V)uy] = Us(vp) b-VInB



HIGHER-ORDER STATIONARY ELECTRON FLUID RELATIONS

Keeping our highest accuracy of O(§°nm.v3,./L), the parallel component of the stationary

electron momentum equation yields

2
b SV(PeH —Per) = (pe) = Per) VID B — Fg‘)”] = NOTO p. v

© N0 (0 BR2

(& e

<e<1> n Te) eVoNO T

and keeping O(&°nm.v},, /L), the stationary electron temperature equation yields

5N O)7(0) )) sNOTO [ qr®)

: — N e 0] — ,
V- (qb) = V ( 5 P X VI e g5 P VB,

Notice that, within this highest available accuracy, the stationary electron temperature equa-

tion does not provide any information on the higher-order correction 7,(x) — T\" (¢)!



STATIONARY DRIFT-KINETIC EQUATION

Using the previous stationary fluid results and calling ¢ = fNMe/f](\g)e = x°, g1 P(cosy), the

stationary electron drift-kinetic equation can be written as:

0
v'(cosxb (99 + 2b VinB siny (9 )
X
D n 3 m eVl
— / b € . = e .
s V(TéO> N<O>) " (2 21" ) ( ) BR?]
mev'™ mv? (5 2mev?\ I dT()
— (P U.B 2+ P, SRR ¢ b-VinB
{ h(Cos X) Te() + [ + g(cosx)} 370 (2 =0 )eB i } VinB +
+ v'cosxy Dy + C[g]
where
_ VeJ|Vthe |Vin v 4rvg, ,
D pu— - L
! envy, | v g(vthb) n )
and
~ 1 00 ~
Cld] = — C{gf}\% = > Pfcosx) Clgl
(0) -
fMe =0



Within O(§?), the above stationary drift-kinetic equation has the particular solution

e(@—0W)  pNO (3 o\ T, - TO
™ NO 2 o) T

(&

g = 9p+0(53) =

_I_

m.U.B mel (5 2m€v’2) dT)

e 3 — 3
6(0) —|‘FT€(0)§— Te(()) dw]+O(5):gp0—|—COSXgp1+O(5).

Therefore, calling h = g — g, and using the fact that é[gpo] = 0, one gets

oh 1 oh Vol
v’ (cosxb-ax + 2b-VlnB sin y 8X> = U/COSX(T;);RQ

+ Dl) + Clh + cosx gy
and, changing variables from x,v',y to x,v,\ with \(x,Y) = sin*x B (¥)/B(x) :

Oh(x, v, \) eVol
v b - ”/{ ) 1 192
T2 BR

+ Di(x,v)| + Clh + (v)/V) gp]

ox

where

vﬁ(x, V' A) = 40/ (1 — AB/Byas)? and 0< A< Byu/B .



The drift-kinetic equation for h(x,v’,\) is in the conventional form of the banana regime

neoclassical theory. Solving perturbatively:
hx, o', A) = o)) H(1=X\) K(,v', ) + R (x, v, \)

A

B)(x, v/
Oh(x, 0", \) / + Clo(v]) H(1 =) K(¥,v',A) + (v]/v') gy

Ox = Y

eVl

ropg " P

v b

which has the integrability constraint

fdlc[ o(v)) H1=A) K(@,0',A) + (0)/v)) gn| = — {di

v

L
0 BR2

and the solution of this Spitzer problem determines the function K(@b, V'),

+ Di(x, )

h®) is an even function of v"‘, so the odd part of / is completely specified by its lowest-order

solution o(v)) H(1—A) K(y,v',\) = O(d?).



The drift-kinetic solution for fy). = f}\% g = f](\g)e (gp + h) in the reference frame of the

macroscopic flow must satisfy
/dBV/ U‘/’ fNMe =0 , /dgV/ ]?NMe =0 ) /dgV/ U/2 fNMe = 0.
Imposing these conditions:

NOW) U(¥)) Buar(®) = 21 [ dv' o i (w,0) [ dX K(w,0, ) ,

o — o) _ NO T _ ()
6( " (¢)> n : (w) 0(53) and e (0>e (¢) _ 0(53)
T:" (1) NO() e ()
Therefore the even part of the distribution function is f{7 = O(&° f](\%) , which implies

(P — per)/(NO T9) = O(6% consistent with the parallel component of the electron fluid

(&

momentum equation.



ODD PARALLEL CLOSURES

The odd parallel closures
G = (me/2) [dV' v v} fyare

and

2m.v v
n ete . 3 3.0 7
FCHO — —3(27'()1/26 ]” — meyevthe/d A% —U’3 fNMe

(&

can be evaluated once the function K(v,v', \) is known:

Q) = — 5N(02>T€(0) (egdgi0)+UeB) + %”;B [ a S, [N K, )
and
Fcﬁ’” 2Mel, (j _NOT B+ 3N(O)IdTe(0)> B 2T MV v3,, B /oo 0 fﬁ) () /1 dx K (0 )
) 3(2m)!/2 e T 2B dy B b (¥, V) g s



CLOSURE PROBLEM FOR THE PRESSURE ANISOTROPY (p. — p..)

With a Legendre series expansion, h(x,v',x) = 2, hi(x,v") Pcosx), the | = 2 projection
of the drift-kinetic equation for h(x,v’,y) can be expressed after algebraic elimination of the

electric potential using the fluid momentum equation as:

2 2pui — e
B? b. 0 {3_3/2 [hg(x,v’) — (Pe| = Per)

} N b.ako(x,v)

ox 5 3N O 70 ox
5 me”? T, Freolt , 1 .

where ky(x,v') = O(§°) is an unknown function that must satisfy
/OOO dv' v ky(x,v) = 0 and /OOO dv' v ky(x,v) = 0,

and
3B(x)

hi(x,v") = 2By (1)

[ldX K(,0',0) .

The pressure anisotropy is given by (p.|—pe1) = (4mm,/5) J§5° dv' v"* hy £9 . but the ;°dv’ v £\

moment of the above equation results in an identity!



The conclusion is reached that, within the available accuracy of O(#°®), the stationary and
axisymmetric drift-kinetic equation does not contain information on the pressure anisotropy

moment (p.| — p.1)(x) = O(8°nTy).

This is consistent with the fluid moment equation for (p. — p..) which, in the stationary

and axisymmetric case and within O(5%) accuracy, reduces to

N (0)(0)

V- [(Q%BH - qu||)b} + 3¢erb-VInB + V- (ebfb > VTQ(O)) +

3N OTO)

e (bx VIV) -k =0.

So, the determination of (p, —p.i)(x) as well as T.(x) — 7T\"(¢)) in a stationary and ax-
ixymmetric system requires carrying the analysis at least to O(¢'). This would necesitate a
drift-kinetic equation accurate to the second order of the electron gyroradius and including the

guadratic parts of the collision operators, something deemed impractical.



CONCLUSIONS

A closed fluid and drift-kinetic electron system for slow-MHD including the interaction with
ECCD sources has been derived. It is accurate to the third order in a small ion gyroradius
and large parallel collisional mean free path expansion, thus providing a rigorous and realistic
description of fusion-relevant plasmas.

This system is compatible with the neoclassical theory for electrons in the banana regime and
contains all the desired neoclassical features so it can be confidently used to simulate NTM
dynamics.

A consistent NTM simulation must be carried out dynamically and in full three-dimensional
geometry. Shortcuts based on stationary and axisymmetric considerations cannot provide a
consistent closure of the pressure tensor in the realistic electron-banana collisionality regime. A
consistent stationary and axisymmetric determination of the poloidal flow and the odd parallel
closures is possible, but this is not sufficient because the proper evaluation of the parallel

electric field necessitates the pressure tensor.



