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1) Functionality and Formulation of Components

In this document, we will consider both the linear and nonlinear MHD components for MHD.  Because of the close relationshop to the “reduced MHD” component, we will briefly mention that component as well.
A) General description of model usage

Solving the entire set of nonlinear MHD equations, to be discussed below, as an initial-value problem is the most accurate way of solving for the low-frequency, long-wavelength phenomena that we are interested in studying. Because of the disparate time and spatial scales, performing “whole-device modeling” using the nonlinear MHD codes is infeasible; therefore, more rapid methods are needed.  These roles are fulfilled by the reduced and linear MHD components of a transport code simulation.  The transport equations (Grad-Hogan equations) are derived from the MHD equations (see documents by Jardin and references therein) assuming a “quiescent” plasma.  When a long-wavelength instability occurs, this assumption is violated. In general, these instabilities are non-axisymmetric and introduce confinement degradation.  For example, tearing modes are reconnection of the magnetic field that causes magnetic islands.  Because particles in hot plasmas move rapidly parallel to the magnetic field, the particles can quickly traverse the width of the island and more rapidly escape the plasma.  In experiments, islands that are on order of 10% of the minor radius can cause ~20% confinement loss of stored energy.

The magnitude and behavior of the the non-axisymmetric perturbations and associated confinement loss varies dramatically.  A zoological classification has grown up around the experimental observations with varying degrees of corresponding theoretical understanding.  An extremely brief review follows.  Loss of the entire plasma on a very fast (~100 microseconds) time scale is referred to as a disruption. Many disruptions correspond to predictions from linear, ideal MHD codes (Turnbull for DIII-D using the GATO code and Manickam for TFTR using the PEST-II).  Thus, ideal MHD codes are often used in the design of experiments and new device to set the ultimate limits of plasma performance.  Soft-beta limits are limits in plasma confinement where the plasma doesn’t disrupt, but injecting more power into the plasma does not cause an increase in stored energy.  Neoclassical tearing modes and ELMs are a robust example of this type of instability. Some evidence supports the view  that ballooning modes and Mercier modes cause a “soft-beta limit”, but this is less verified.  Resistive wall modes are an example of an instability that often causes simple plasma degradation for longer than an energy confinement time, but can eventually cause a disruption; for example, by interacting with a neoclassical tearing mode.  Internal sawteeth (a simple helical shift of the core of the plasma) have been linked to disruptions, but in most long-pulse experiments simply cause soft-beta limit.  

The goal of linear MHD codes and reduced models is to capture the above phenomenology in a type of model that can be incorporated into a whole-device model.  For example, an ideal-MHD linear code could predict whether the two-dimensional plasma equilibrium is unstable.  Since this would likely lead to disruption, the goal would be to alter the sources to avoid the instability.  For a sawtooth model, one can use the Porcelli model in to predict when the sawtooth is unstable for example, and if it is, flatten the pressure profile inside the q=1 surface. While the models have the virtue of rapid calculation, one can only capture physics that we understand, and unfortunately there is much that we do not understand. 

We have not spoken of a “nonlinear MHD component” because as discussed above, the extended MHD equations are a superset of the transport equations.  The sources used in transport modeling would be put directly into an extended MHD code (with the caveats that the sources generally do not treat three-dimensional magnetic field.  The reason that the extended MHD equations are not generally used for “whole-device modeling” is that they contain as a minimum the physics of Alfven waves, which introduces a severe time constraint for solving the equations numerically (and the “extended” in “extended MHD” makes this problem worse).  This is discussed in the next section.  

B) Mathematical Formulation of extended MHD Model
We begin with a mathematical description of the extended MHD equations.  Much of the material here is from the recent tutorial talk by Schnack [0], which covers work done by the CEMM SciDAC project.

The extended MHD equations may be derived by taking moments of the underlying kinetic equation5,13.  The plasma kinetic equation is:


[image: image1.wmf]
(1)

where fa(x,v,t) is the distibution function which describes the probability of finding a particle of species a (either electron or ion) with a given spatial location, x, and velocity, v, at a given point in time t.  In the above, F is the force acting on the particles and C is the collision operator which represents collisions of the particles with each other, and other species.  In magnetized plasmas, the force on a particle of species a is the Lorentz force:
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where q is the charge, E is the electric field, and B is the magnetic field.  The distribution function’s domain (x,v) is referred to as phase space and  is six-dimensional. Solving the kinetic equation in 6 dimensions over the frequency range included is cost prohibitive.  By integrating the distribution function over velocity space; i.e., taking velocity moments of the distribution function, the velocity dependence is eliminated and the problem simplified.  The resultant equations are also then cast in terms of more intuitive quantities.  That is, moments are defined as:
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such that M0a=n a is the number density of particles, M1a n a =V a is the bulk velocity of the species, and M2a n a = T a, where T a is the temperature of the species.

This procedure produces a hierarchy of equations for successively higher velocity moments of the distribution function.  The set must be truncated at some order by an independent expression (closure relation) for the highest order velocity moment.  The resulting set of equations contains several non-dimensional parameters whose relative ordering can further simplify the model.  Three different orderings for the flow speed yields three commonly-used models in the literature: Hall MHD, MHD, and the drift-ordered two fluid equations (or the variant, the drift model).  We will focus on a model that is a superset of these three models, the extended MHD equations:

Continuity: 
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Momentum: 
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Gen. Ohm’s Law: 
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Energy: 
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where J is the plasma current density, and p is the plasma pressure (total unless subscripted for the species). To form the complete set of evolution equations, we use the “pre-Maxwell equations”; i.e., Maxwell’s equations without the displacement current.

Div(B): 
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Ampere’s Law: 
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Faraday’s Law 
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The lack of displacement current (and concomitant disregard of Gauss’s Law) is the “quasineutrality” approximation, which is 
[image: image11.wmf]. This approximation is valid for the low frequencies (w2 << c2k2) studied in extended MHD. 

The equations are not closed because we do not have expressions for the heat flux, q, and the stress tensor, P. A well-known closure is that given by Braginskii32, which assumes small parallel mean free path, small Larmor radius, and collision frequency large compared with the characteristic frequency. This closure gives anisotropic, diffusive closures for P and q.  The diffusivities for these closures are called the Braginskii coefficients and depend upon the density and temperature.  Other closures include the Landau fluid closures and the neoclassical closures.

Extended MHD models are generally distinguished by the form of the generalized Ohm’s law (Eq. 4.c).  In this document, we will focus on three models: ideal MHD, resistive MHD, and the two-fluid (drift model).  These are:

Ideal MHD: 
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Resistive MHD: 
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Extended MHD: 
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In addition, to neglecting the resistivivity, ideal MHD ignores all other dissipative terms (i.e., no viscosity and all terms on right-side of Eq. 4.d. are neglected).  Resistive MHD traditionally has neglected all terms on right-side of Eq. 4.d. although there is no standard nomenclature in the literature.

The standard MHD equations admit several normal modes of oscillation.  They all have the common property that 
[image: image15.wmf].  An explicit computational approach to the solution of the MHD equations is then subject to the Courant stability condition 
[image: image16.wmf]. However, the additional terms of the extended MHD model introduce new dispersive normal modes with the property 
[image: image17.wmf].  This has significant implications for computational modeling, since the corresponding Courant condition, 
[image: image18.wmf], is too restrictive for explicit methods to be useful for most practical problems. For eigenvalue codes, there are concomitant implications for the methods of finding eigenvalues.

C) Equilibrium Solutions

In tokamaks, the plasmas are often quiescent with very little non-symmetric activity.  To model this, we wish to study the “steady-state” solutions of the extended MHD equations.  To begin, we make two assumptions: (1) the diffusive terms operate on time-scales much longer then the “steady-state” and can be neglected, and (2) we consider n=0 only (see Jardin’s discussion of transport equation derivation).  The equations are:
Continuity: 

[image: image19.wmf]
(7a)

Momentum: 
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Gen. Ohm’s Law: 
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Energy: 
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In addition to the two assumptions above, two other assumptions are commonly made: 1) No equilibrium flow, and 2) Neglect the two-fluid terms (right side of Eq. 7c).

The first assumption allows the momentum equation (Eq. 7b) to decouple from all other equations.  The momentum equation can then be written in a form called the Grad-Shafranov Equation.  See notes by Jardin on this form.  All linear MHD codes use this as their input.  Note that in this case, the Ohm’s law can be solved independently of the Grad-Shafranov equation to determine the current sources.  Separate codes are usually solved to determine what fraction of the current comes from Ohmic drive, bootstrap current (from the stress tensor term in Eq. 7c), Pfirsch-Schluter currents, and current drive.

Removing the first assumption, but keeping the second, allows the derivation of a modified Grad-Shafranov equation [Hameiri81].  For purely toroidal flow, the modifications are rather trivial and implemented by several codes.  While more accurate, these modifications are generally not included in equilibrium reconstructions because n the speeds in experiment are generally a quarter of the Mach speed, which gives corrections that are small compared to other uncertainties in the equilibrium reconstruction.  It is hoped that as diagnostic improve, especially in determining the flow profiles, the inclusion of this term will become more routine.  For flows that are both poloidal and toroidal, the modified Grad-Shafranov equation includes a singularity when the polodial flow reaches the poloidal Alfven Mach number.  Because of poloidal flow damping, poloidal flows are generally unimportant although near the edge this may not be true.  With the exception of a recent code written by a student of Betti, [need ref], no code includes poloidal flow.

Removing all assumptions has been done only recently [Steinhaur99]. Note that inclusion of the two-fluid terms automatically requires the inclusion of the inertia term in the momentum equation to have the proper inclusion of the drift flows. No code currently solves for the two-fluid equilibria, nor are any codes prepared to accept two-fluid equilibria.  In the future, including this capability may be important for the extended MHD codes.

Summary:

All linear and nonlinear codes generally accept Grad-Shafranov solutions as input.  GATO, MARS, and the nonlinear codes have been further generalized to accept the relatively straightforward case of GS with toroidal flow.  Although the interface will include GS equilibrium as an input, consideration should be given to including the most general case of two-fluid equilibria although at present that is ill-defined.

D) Formulation of Linear Problem

With the proper definition of the equilibrium, we wish to study linear perturbations about the equilibrium.  A straightforward linearization of Eqs. 4 yields:
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where 
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is the vector of all variables and F is the extended MHD force operator, that is a function of the (n=0) equilibrium discussed above.  This becomes an eigenvalue problem. Because we are considering only n=0 equilibria, an expansion in the toroidal direction for x [x(R,Z,f)=Sxn(R,Z)exp(inf)] yields separate eigenvalue equations for each toroidal harmonic.  Various approximations and simplifications can be made to simplify the force operator and this determines the various types of linear MHD codes that are discussed below.  The actual analytic forms may be found in the references.

E) Summary of Linear MHD Codes

The approximation used many codes is the ideal MHD approximation.  The key feature of this approximation is that the eigenvalues of Eq. 8 are purely real.  The eigenvalue problem can either be solved directly (e.g., NOVA code), or recast as a variational problem [Bernstein58].  When recast as a variation problem, it is generally expressed as:
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where  is the fluid displacement (V/iw). Codes that use this variation formulation are known as dW codes. 

A unique approach to solving equation (8) is based on the “Newcomb method” [Newcomb58], which was originally derived for cylindrical geometry.  The toroidal generalization of Glasser [unpublished] is used as the basis for the DCON code.  In this method, properties of the ideal MHD equation are used to determine simple stability of the plasma by integrating a set of ordinary differential equations.  DCON is the newest code of the ones considered, and is quite fast.

As the toroidal mode number increases, the plasma is able to “bulge” out in localized regions.  To understand the behavior of these modes, the infinite-n ballooning equation can be derived using a WKB-like approximation [CHT78].  The resultant equation is a single ODE valid for each flux surface.  Many ballooning codes exist.

The ballooning formalism can also be generalized to include the effects of steep current gradients.  The “peeling-ballooning” code ELITE has been developed to study this problem.  The code has been successful in improving the understanding of Edge Localized Mode (ELM) onset.

For extensions beyond linear MHD, very few codes exist.  The NOVA-K code includes the effects of hot particles.  Often the hot particles are resonant with the MHD modes, and these effects have been shown to be important in experiments.

For resistive MHD, a common approximation is to assume an ideal “outer solution” and a resistive “inner solution”.  This is a statement that the rational surfaces are space far apart.  This division allows the “reuse” of an ideal code for the outer solution and the use of a matching code for the inner solution.  Codes that use this method include PEST-III and resistive DCON.

Finally, the NIMROD and FAR codes write the nonlinear equations using a separation of the equilibrium variables and perturbed variables.  If one runs as an initial value code with only the linear terms, then the most unstable eigenvalue can be easily found.  

The codes are summarized in the Table below.

	Code
	Type
	Range
	Discretization
	Institution

	PEST-II
	(W
	n=1-14?
	(: FE/ (:Spectral
	PPPL

	GATO
	(W
	Low n
	Hybrid FE
	GA

	ERATO
	(W
	Low n
	Hybrid FE
	Lausanne

	NOVA
	Eigenvalue
	Low n
	(: Bicubic FE

(:Spectral
	PPPL

	DCON
	Newcomb
	Low n
	(: FD/ (:Spectral
	LANL

	BALLOON
	Ballooning
	High n
	Per flux surface
	PPPL

	BALOO


	Ballooning


	High n


	Per flux surface
	GA

	Camino


	Ballooning


	High n


	Per flux surface


	PPPL

	ELITE
	Peeling-ballooning
	Med.-hi n
	?
	GA

	PEST-III
	Matching
	Low n
	Finite Element
	PPPL

	Resistive DCON
	Matching
	Low n
	(: FD/ (:Spectral
	LANL

	MARS
	Eigenvalue
	Low n
	(: FD/ (:Spectral
	GA

	NOVA-K
	Ideal+
hot particle
	Low n
	(: FE/ (:Spectral
	PPPL

	Linear NIMROD
	Most unstable eigenvalue
	N=0-43
	Lagrangian 
Elements
	NIMROD


2) Interface Definitions

A) Inputs
As discussed above, all of the components take the MHD equilibria as their input.  As with all things computational, the devil is in the details however.  The mechanism for transferring the data from the equilibrium codes is currently done via files using a “mapping code”; i.e., the general structure is:


[GS Code]  ( [Mapping code] ( [MHD Code]

In practice, the difficulties of this approach are the quality of the mapping, the difficulty in exchanging mapping codes, and perhaps most seriously, the data required for going from the mapping code to the MHD code.

If we want to have a true “MHD Component” then by definition the inputs are the same; however, each code requires a different set of inputs.  A very common example is used to illustrate the problem. Most linear codes are based on a “flux-coordinate system” defined such that:
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(8)
The f defined in this expression does not necessarily relate to the symmetric f (used in the R,Z, f cylindrical coordinates for example).  The relation between the above f and the symmetric f is given by a parameter denoted by .  This parameter is often included in the output of mapping codes for use in linear, but is not needed by all codes.  As another example, the FAR code uses a spectral decomposition for both the poloidal and spectral components so the output of its mapping code is the poloidal harmonics of the equilibrium quantities.  This output is used by no other code to my knowledge.  Thus, the union of all possible inputs rapidly grows unwieldy.

DCON and NIMROD use “mapping library approach” (developed from forks of a common code base).  This method could be easily adapted for something like XPLASMA.  In this approach, the codes have access to derived types that contain a minimal amount of information data describing the equilibrium.  Then methods are defined to calculate specific code data.  The data contained in the derived types are shown in Figure 1.  An example usage is given in Figure 2.



In addition to the above inputs, nonlinear MHD codes also need to worry about source, much like transport codes. Although to date not much effort has been devoted to this problem and simplified sources have worked well, the increasing length of time of simulations and increased accuracy of the codes make improved sources a desired feature.

B) Outputs
In the simplest usage, the linear stability code only needs to tell whether the plasma state is stable or unstable.  In a transport code, each calculation of the two-dimensional plasma state could then be used as an automatic triggering of the linear stability code.  

If the plasma is unstable, there are two things one could do: 1) invoke a reduced component that models the transport caused by the instability, 2) invoke a nonlinear, extended MHD code that self-consistently calculates the transport from the instability.  If a reduced model is invoked, it is possible, although not typical, that information from the linear code could be used.  For example, the eigenfunctions could be used to help estimate the extent of the instability (although the amplitude of the perturbation is arbitrary), or for example, dW could be fed into the analytic Porcelli model.

Progress has also been made on comparing results of linear MHD codes with experimental diagnostics [Manickam, Turnbull, Ren].  Currently, FARTech has a Phase I SBIR proposal to further develop tools for this.

Some of the technical issues that are needed for output is an understanding of coordinate system, definitions of variables, and for initial-value codes, the time slice.  An effort towards standardization of outputs was done by Alan Turnbull and Scott Kruger to make it easily collaborate on tools for experimental collaboration.  The common MDS+ tree structure is shown in Figure 3.
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Figure 3. 1  Common MDS+ tree structure for both GATO and NIMROD would allow for common tools to be developed for experimental comparison.
3) Identify code specific data for the codes that will be providing the initial implementations

As shown in Table 1, a number of codes are available for providing an initial implementation.  I recommend that we choose a minimal set that span the range of inputs.  In particular, I propose that we use NOVA-K, DCON, NIMROD, and M3D.  NOVA-K is representative of PPPL codes using straight-field line coordinates – being able to implement an interface should allow for rapid implementation for other PPPL codes.  DCON is a newer code that is widely used by experimentalists.  NIMROD and M3D are nonlinear codes that have very different types of inputs and grid structures, especially M3D which uses an unstructured mesh.

4) What expectations or assumptions that the component will have about the inputs that it receives

As discussed above, the components require a (form of) Grad-Shafranov equilibrium.  All of the codes require that this equilibrium be satisfied to a high-degree; i.e., that it be solved on a much finer mesh than a typical transport code calculation.  A “128x128” EFIT file should be considered barely adequate for the purpose of MHD calculations.

5) Identify-shared infrastructure

Sharing of XPLASMA state is a common component as discussed above.  As discussed in the inputs section, the details of this implementation needs to be further clarified to help identify the shared infrastructure.

6) Identify physics analysis/development needs and identify possible mathematical or algorithmic improvements.  

The implementation of the “mapping” interface is the critical development path needed.  All of the linear codes could possible use improved eigenvalue solvers.  

7) Summary of computational needs when used for the fast MHD campaign.  Identify kind of parallism.

With the exception of “linear NIMROD”, there is no inherently linear MHD code.  The way in which it is used however means that the task of calculating the computation is trivially parallelizable, especially when one assumes that axisymmetric equilibrium.  In this case, each toroidal mode number can be calculated on a separate processor.  
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sq                             nsq Surface quantities


sq%xs = Psi_normal


sq%fs(:,1) = R B_T (toroidal flux function)


sq%fs(:,2) = Pressure * mu0 (No flow)


sq%fs(:,3) = q (Safety factor)


sq%fs(:,4) = Mach number (Normalized toroidal flow)


sq%fs(:,5) = number density


sq%fs(:,6) = electron pressure * mu0





twod                           Jacobian and metric elements


twod%fs(1,:,:) = R(theta,rho)


twod%fs(2,:,:) = Z(theta,rho)


twod%fs(3,:,:) = jac(theta,rho)


twod%fs(4,:,:) = gpsipsi(theta,rho)


twod%fs(5,:,:) = gpsitheta(theta,rho)


twod%fs(6,:,:) = gthetatheta(theta,rho)





Figure 1.  Definitions of equilibrium objects used by the NIMROD code.





CALL read_input_fg			! Read fluxgrid input


mtheta = my*poly_degree                                     !  Override fluxgrid’s definitions with nimrods


mpsi=mx*poly_degree - offset                        ! To get interior


! Set up grid and eq quantities


CALL read_eq


IF(MAXVAL(ABS(sq%fs(:,4)))>1.e-12) THEN


        WRITE(nim_wr,*) 'Resetting eq_flow to eq_file'


        eq_flow='eq_file'


ENDIF





Figure 2.  Implementation of getting the objects.
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